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CRITICAL OPINIONS of the FIRST EDITION 

— ♦ 

* This seems a very useful little volume, both as an Elementary 
School Text-Book and as suitable for the use of candidates preparing 
for matriculation, preliminary scientific, and other examinations. It is 
well put together, not too advanced for the end in view, and the 
exercises and illustrations are of a clear and pertinent character.' 

Lancet. 

* This little work is, as it claims to be, well suited for beginners, a 
very small knowledge of simple arithmetical rules and a smattering of 
algebra only being required to work out tolerably difficult problems. 
The treatment of the subject is novel, motion being considered before 
rest or equilibrium. Numerous examples are given throughout the book 
to be worked out by the student, and questions given at the Preliminary 
Scientific Examinations of the University, of London for the last few 
years render the book very useful to the student.* 

Midland Counties Herald. 

* In the study of Mechanics, as with Arithmetic, the principles are 
too frequently left unmastered, and a carefully set problem proves a 
stumbling-block, not generally from ignorance of formulae, but from in- 
ability to apply the formula to the case in question. Preparation for 
examination in Elementary Mechanics requires a thorough grounding in 
the principles, and at least as much exercise in their application as is 
found necessary in Arithmetic and Algebra. Mr. Magnus's book seenis 

admirably adapted to furnish these two requirements The 

order is scientifically logical, and appears to possess advantages in teach- 
ing. The principles are lucidly explained and illustrated ; examples 
are worked out, and each lesson is followed by a series of graduated 
questions, requiring a thorough grasp of principles for their solution. 
An appendix gives a number of examination papers set at various 
public institutions.' Schoolmaster. 

* Mr. Magnus's little work on Elementary Mechanics is a great 
improvement upon the few similar ones already in use, and will help 
many teachers and private students out of great difficulty. The 
importance of the subject is so generally recognised that almost every 
educated man is expected to know something of its leading principles ; 
and there is scarcely a public examination held in which it is not either 
a necessary or an optional subject. Yet, strange to say, it has hitherto 
bedn no easy matter to find a text -book at once simple enough to meet 
the requirements of the beginner, and at the same. time full and com- 
plete enough to serve as a basis for more advanced reading. Hence- 
forth, however, it will only be necessary to name the one before us, and 
the difficulty will be at an end. Following the example recently set by 
the highest authorities on the subject, the Author has departed consider- 
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ably from the usual arrangement of the topics discussed. Kinematics, 
or the consideration of some of the simplest principles of motion, 
without regard to the quantity or quality of the matter moved, comes 
first. This is followed by the laws of Dynamics, under which head is 
considered the matter that is set in motion, and the cause or force pro- 
ducing it. The third and last part embraces all the problems connected 
with bodies at rest, which are discussed under the head of Statics, or 
the science of equilibrium. In addition to these subjects there is a brief 
but clear exposition of the doctrine of Energy, which affords a capital 
view of the connexion between the science of mechanics 'and other 
branches of physics. All the important propositions are accompanied 
and illustrated by numerical examples worked out in the text ; and to 
each section are added progressively arranged exercises, which the 
student will find excellent tests of his knowledge of the principles laid 
down. To render the work more especially serviceable to candidates 
for the matriculation and preliminary scientific examinations of the 
University of London, all questions set during the last few years have 
been classified and appended to the several chapters to which they 
correspond.' Leeds Mercury. 

* The style is lucid, the solved exercises carefully chosen, the work 

compact An intelligent boy ought in a few months to be able 

to make himself master of the greater portion of this small book which 
Mr. Magnus has aimed at making sufficiently elementary to be placed 
in the hands of a beginner. What we consider to be higher praise is 
that we believe it to contain nothing that the student will have to unlearn 
in a subsequent portion of his career. We can recommend it as a 
trustworthy introduction to more advanced text-books.' Nature. 

' Mr. Magnus's book is admirably written from first to last, and 
shows remarkable powers of organising knowledge so as to adapt it to 
the gradually developing mind of the learner, and this shews the 
Author in his true colours as a thoroughly practical teacher. It is 
evident that the book is not made up of mere proposals or suggestions 
of what might be done, but it is a record of what has been done. It 
is plain that all these lessons have been given, that they are the results 
of experience ; and in this consists much of their value. . . . Mr. Magnus 
realises the idea that a definition should not only explain the real mean- 
ing, but should be so worded that it could not possibly be taken to mean 
anything else, and this will save much confusion nnd misunderstanding 
on the part of the pupil. The definitions are in fact brief essays ; and 
thus the pupil, instead of learning the mere words by heart, will, after 
reading them, becoifee imbued with their spirit, will be interested in 
their application ; and when this point is reached, half the difficulty of 
the study will have been removed.' Jewish Chronicle. 
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In these Lessons, which are intended for the nse 
of those who have had no previous instruction 
in the subject, I have endeavoured to bring into 
prominence the leading principles of Mechanics, and 
to exemplify them by simple illustrations ; and with 
the view of showing the connection between this 
science and other branches of Physics, some few 
pages have been set apart to a brief exposition of 
the Doctrine of Energy. 

In arranging the contents of this volume I have 
deviated considerably from the plan usually adopted, 
and have been guided by the general principle that 
the idea of Motion is more elementary than that of 
Force, and that two Forces, at least, must combine 
to produce Equilibrium. In accordance with this 
view the subject of Statics has been made to depend 
on the laws of Dynamics, and these are preceded by 
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a discussion of some of the simplest principles of 
Motion. I cannot help thinking that the theory of 
Equilibrium occupies too prominent a position in 
many of our Text- books, and that the student obtains, 
in the problems of Statics, a very inadequate idea of 
Force and of its modes of expression. In the present 
arrangement I have followed that order which ap- 
pears to me to be most logical, and which experience 
in teaching has shown to be practically advantageous. 

The book contains that amount of matter which 
a pupil may be expected to acquire in a first yearns 
course of instruction in the subject. It is divided 
into a number of Sections, which may serve as 
separate lessons, and should be studied in the order 
in which they occur. All important propositions 
are illustrated by numerical examples, worked out 
in the text, and the lessons are furnished with 
exercise^ progressively arranged. To render, the 
work more especially serviceable to candidates for 
the Matriculation and Preliminary Scientific Exami- 
nations of the University of London, aU questions set 
during the last few years have been classified, and 
appended to the several chapters to which they 
correspond. Answers to the Exercises and Exami- 
nation Questions are given at the end of the volume. 
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In writing these lessons, I have had in view the 
want, which is very generally felt, of a School Text- 
book, sufficiently elementary to be placed in the 
hands of a beginner, and yet affording a trustworthy 
basis for the subsequent work of the student. To 
what extent I have succeeded in meeting this want, 
1 must leave others to determine. 

I take this opportunity to express my thanks to 
my friend Mr. Benjamin Kisch, Barrister-at-Law, 
for the assistance he has afforded me in revising 
the proofs, and for many valuable suggestions, whilst 
the work was passing through the* press. 

P.M. 
January 1875. 



PREFACE TO THE SECOND EDITION. 

The demand for a Second Edition within a few 
months after the appearance of the First, has enabled 
me to make a few corrections in the Answers to the 
Examples, and some slight additions to, and altera- 
tions in the text, which will, I trust, increase the 

usefulness of this little work. 

P.M. 

November 1875. 
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INTRODUCTION. 

§ 1. Motion. — Our earliest observations must 
have shown ns that some things are moving and that 
others appear to be at rest. We know what motion 
means when we watch the rising of the sun, the 
passage of a bird through the air, the waving of 
the trees in the wind, or the rushing of the waves to 
the sea-shore. Every variety of matter seems to be 
endowed with the faculty of movement. The stone 
foils to the groTmd, the flower opens its petals to the 
sun, and living creatures of every size and shape 
move in endless ways. 

§ 2. Best. — We are equally familiar with 
bodies in a state of rest. Nothing seems more im- 
movable than the earth on which we stand. The 
various things we see around ns, — the books that lie 
upon our shelves, the pictures that hang upon our 
walls, are all apparently at rest, and we expect them 
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to /remain so unless they happen to be disturbed by 
some external cause. A little thought will show us 
that this state of rest is not as simple as it seems. 
Let us suppose that we are travelling in a railway- 
carriage, and that another train is moving in the 
same direction on adjoining rails. Afler a time it 
overtakes us and then the two trains move on side 
by side with equal speed. In this case all sense of 
motion will be lost ; the train at which we are look- 
ing and the carriage in which we sit will equally 
appear to be at rest. This simple illustration is 
sufficient to make us see that objects may be moving 
when we suppose them to be stationary, and that the 
evidence of our senses cannot wholly be trusted. 
Now the earth on which we stand is in the position 
of the second train. It is moving round the sun with 
a considerable velocity ; but as we are moving with 
it and at the same rate, it appears to us to be at 
rest. 

Let us consider, further, the condition of those 
bodies, which although absolutely moving with the 
earth are, relatively to us, at rest. Take the picture 
hanging on the wall. The picture is suspended by 
cords which hang over a nail. If these cords were 
to break, or the nail were to give way, the picture, 
we know very well, would at once fall to the ground. 
It appears, therefore, that the picture, although at 
rest, is really tending to fall and is only prevented 
from obeying its natural tendency by the cords and 
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nail that hold it back. What is true of the picture 
is true of all things that are in any way supported. 
Each article of furniture in this room would fall 
.through the floor, if the floor were not strong enough 
to support it. There is a vessel on the table filled 
with water, and in the side of the vessel is a cork. 
The water appears to be motionless. Eemove the 
cork and the water immediately begins to flow out. 
This water then is endowed with a tendency to motion 
which the sides of the vessel resisted. The air of the 
room is seldom still. But suppose for a moment that 
there is no kind of draught. Let a window or fire- 
place be opened, let the air be freed in some direction 
firom restraint, and it will at once obey its tendency 
and begin to move. In these examples no reference 
has been made to the cause or causes that are sup- 
posed to produce the several movements indicated. 
But the causes themselves do not come within the 
range of our observing faculties. All that observa- 
tion teaches us is, that bodies tend to move. 

§ 3. HotioiL in Holecules. — If we examine 
matter more minutely we shall find that it consists of 
molecules or very small portions, and that among 
these particles movements are constantly taking place 
which are separately hidden from the eye, but 
the total result of which can be discerned. We 
have all noticed, perhaps, that on a line of rails a 
certain space is lefl between the separate pieces at 

B 2 
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the points where they are joined together. This 
space is left, because it is found that the length of 
the rails increases in hot weather and decreases in 
cold weather ; and if the line of rails consisted of 
one continuous bar of iron fixed at its two extremi- 
ties, it would become bent and twisted in order to 
find room for its expansion. If we put a liquid into 
a glass vessel and place the vessel over the flame of 
a spirit lamp, we shall very soon observe that the 
liquid is rising in the vessel, and after a time it will 
begin to boil, and its particles will be violently agi- 
tated. We know how seldom perfect stillness prevails 
in the atmosphere. The wind is always blowing some- 
where. Now the motion of the air is caused directly 
or indirectly by the sun's heat,- and the sun's heat is 
ever varying in intensity. These examples serve to 
show that heat is accompanied by motion : but this 
motion takes place among the particles themselves 
of which the body consists. The body, as a whole, 
does not move from, place to place ; but with every 
variation in its temperature there is a corresponding 
movement among the particles which compose it. 

We can take another illustration. Most persons 
know what happens if a stick of sealing-wax be 
rubbed on flannel and then held over some scraps of 
paper. The pieces of paper will at once begin to move 
towards the wax, and may be made to stand on end 
under its influence. They are electrified, and in that 
condition they tend to move. Now, we cannot here 
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say to what extent the particles of every body are thus 
influenced. There may exist opposing tendencies to 
motion, and in that case no visible effect will be pro- 
duced. But whenever electricity is developed the 
particles of the body are agitated, and motion, or the 
tendency to motion, results. 

We have hitherto considered inanimate matter. 
Let us now see what happens in the animal and 
vegetable world. A plant or animal may be said to 
differ from a piece of lifeless matter by its growth 
and decay. Now growth implies a continuous change 
in the particles of wh'ch a body consists. A living 
organism cannot preserve its old particles and at the 
same time acquire new. It increases by the decay 
of old and the substitution of new matter. In this 
respect animate bodies increase much in the same way 
as a merchant's capital. A capitalist cannot grow 
rich by hoarding : on the contrary, he must become 
daily poorer, for how parsimonious soever he may be, 
he must consume a portion of what he possesses to 
support life. It is only by spending money, by 
buying and selling, by constantly exchanging capital 
and allowing it to be used by labourers as food, that 
capital can increase. The same is true of living 
tissue. In growing it undergoes continuous decay, 
and the decay is continuously repaired. When the 
process of reparation does not proceed as rapidly as 
that of decay, the plant begins to fade and the animal 
to die. In this continuous decay and reproduction 
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we Have a further example of motion among the 
molecules of bodies. 

We thus see that bodies themselves and their 
molecules are constantly in motion or tending to 
move : that absolute rest nowhere exists ; and that 
what we call rest, which is really rest relatively to 
us, can be analysed into coimteracted tendencies to 
motion. As motion is thus universally present, we 
are sensible of what it is, without being able to 
define it. It does not admit of explanation; for 
there is no condition, in which matter exists, thai is 
simpler or more elementary. 

§ 4. Varieties of Motion. — There are different 
kinds of motion. Let us see what they are. If a 
body moves from one place to another place it is said 
to undergo translation. It may move in a straight 
line or in a curve. The run of a billiard-ball is an 
example of motion in a straight line. The flight of 
an arrow and the course of the planets illustrate what 
is meant by curviUnear motion. 

When a body moves about a fixed point or axis, 
round which the particles describe concentric circles, 
the body is said to rotate, A door rotates on its 
hinges, a wheel on its axle. It frequently happens 
that several motions are combined. A body tend- 
ing to move in two different directions may be 
fbtmd to move in a straight line between them, or to 
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assume a cTirvilinear motion as the result of these two 
tendencies. Thus the path of a cricket-ball is a 
curved line, which is the joint effect of the tendency 
of the ball to move in the direction in which it was 
thrown, and of its tendency to fall to the earth. 
Further the motion of rotation is frequently com- 
bined with that of translation. This occurs when a 
wheel rolls along the ground. The motion of the 
earth round the sun is the result of two tendencies 
to motion in different directions, producing a curve 
called the orbit, and of rotation about a fixed axis 
passing through the poles. When a body is under 
the influence of opposing tendencies to motion, which 
exactly counterbalance one another, it is said to be 
in equilibrium. ' 

There is another kind of motion, to which the 
name undulatory has been applied. It exists under 
a variety of forms, but may roughly be described as 
the movement of a particle to and from a particular 
point This displacement of the particle is oflen called 
its excursion, and is, in all cases, very small. When 
a series of particles undergo successively this kind 
of to-and-fro motion a wave is said to be produced. 
The peculiarity of wave-motion is that although the 
particles never move beyond the limits of an excur- 
sion they appear to undergo translation. If we fix 
our eyes on a piece of wood floating on a sea-wave, 
we shall observe that whilst the wave approaches 
ever nearer to the shore, the piece of wood maintains 



8 INTRODUCTION. 

its position, rising and falling continuously. The 
apparent motion of translation is the result of the 
up-and-down movement of each successive particle 
in its own place. This kind of motion is further 
illustrated, when the wind sweeps over a field of 
corn and bends the several ears in succession. In 
this case it is evident that each stalk of corn 
cannot move out of its own place, and yet the eye 
can follow the wave as it passes from one end of the 
field to the other. In an undulation the particular 
motion of each particle is well illustrated by the 
movement of the bob of a pendulum, which vibrates 
to and from the lowest point in its path. 

■ 

§ 5. Physics Defined. — The science of Physics 
embraces the consideration of bodies and molecules 
under every variety of motion, and is subdivided 
according to the particular effect the several kinds 
of motion produce upon the senses. Thus the 
passage of a bird in the air produces a sense of 
locomotion, the resistance of a heavy body tending 
to fall to the earth a feeling of pressure. Certain 
visible motions produce the sensation of heat, others 
give rise to those of sound, light, electricity, &c. 

Physical science is divided into two main 
branches according as the motion to be considered is 
the motion of a body as a whole, or of the undula- 
tions of the particles of which it consists. It has 
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been suggested to call the one branch of the subject 
* Molar Physics,' as treating of motion in mass, and 
the other * Molecular Physics,' as treating of the 
motion of molecules. The flight of a rifle-bullet, the 
blow of a cricket-bat, the ascent of a balloon are 
questions of Molar Physics; whilst problems con- 
cerning heat, light or s6und belong to the other 
branch of the subject. 

§ 6. Mechanics. — The term Mechanics has gene- 
rally been employed, and is adopted in the present 
volume, to embrace the science of the motion and 
equilibrium of bodies. It involves the consideration 
of matter: in its three forms, solid, liquid and gaseous. 
But the following pages will treat of solid matter 
only. The subject will be considered imder three 
heads. Under the first will be discussed some elemen- 
tary principles of motion, apart from the considera- 
tion of the quantity or quality of the matter moved. 
This subject is called Kinematics^ or the science of 
pure motion. Under the second head the matter 
that is set in motion and the cause, or force pro- 
ducing it, will be considered. To this division of 
the subject the name Dynamics, or the Science of 
Force, has been given. The third part will embrace 
certain problems connected with bodies at rest, and 
these will be discussed under the head of Statics, or 
the Science of Equilibrium. 
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CHAPTER I. 

MEASUREMENT OF MOTION. 

/. Uniform — Accelerated Motion — Space described. 

§ 7. Velocity. — The first question we have to de- 
termine is, how motion may be measured and nu- 
merically represented. Now we measure all things 
by their effects, and the visible effect of motion is 
change of place. When we consider motion with 
reference to time we obtain the idea which is em- 
bodied in the word Velocity, The introduction of 
the idea of time distinguishes kinematics from a 
purely geometrical science. Velocity, or rate of 
motion, is measured by the amount of change of 
place, I.e. by the space traversed in a given time. 

Motion may be uniform or variable. When 
uniform, equal spaces are described in equal times, 
and the velocity is constant. In variable motion. 
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the velocity continiially changes. In measuring 
velocity certain units of time and space are adopted. 
The imit of time is everywhere one second; the 
unit of length is one foot in England, but is different 
in different coimtries. 

In England, therefore, the velocity of a moving 
body is measured by the number of feet traversed 
in one second; and a body is said to be moving 
with a imit of velocity when it moves through one 
foot in one second. The unit of velocity may be 
briefly indicated as a foot-second. When the 
velocity is variable, it is, at any moment, measured 
by the space through which the moving body would 
pass in one second, if it were to continue to move 
throughout that second with the velocity which it 
had at that particular moment. 

§ 8. Uniform Velocity. — If v be the uniform 
velocity of a moving body, v equals the number of 
feet which a body traverses in one second^ and 

2 t^ is the number of feet traversed in 2 seconds. 
^ ^ i> » » 3 „ 

^ ^ W l> )> ^ 19 

If 5 = space traversed in t seconds, then 5 as £ v. 
This is the fundamental proposition of imiform 
motion. 

Suppose a body to be rotating about a fixed 
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point, like the sail of a windmill, and that it sweeps 
out an angle, the measure of which is 6, in. one 
second, then 6 is said to be the angular velocity of 
the body, and t 6 will be the angle described in t 
seconds. If a be the measure of the arc, t a will be 
the space traversed in t seconds. 

§ 9. Variable Velocity. — The velocity of a 
body may increase or decrease, tmiformly or vari- 
ably. If it increase or decrease uniformly, the 
motion is said to be uniformly accelerated or re- 
tarded. If the velocity vary, but not uniformly, the 
motion is said to be un-imiformly accelerated or 
retarded. As problems connected with variable 
acceleration are very complicated, requiring for their 
solution the higher parts of mathematics, we shall 
consider, in the following pages, imiform acceleration 
only. 

Uniform acceleration or retardation is measured 
by the increase or decrease of the velocity per 
second. Thus, suppose a body is found to be 
moving at the beginning of three successive seconds, 
with the velocity of 10 ft., 15 ft., and 20 ft. respec- 
tively, the body is said to be moving with a uniform 
acceleration of 5 ft. per second. So too, if a body 
started with a velocity of 60 ft. per second, and at 
the end of the first second was moving with a 
velocity of 50 ft. only, and at the end of the next 
second with a velocity of 40 ft., the body would be 
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said to be moving with a minus acceleration or 
retardation of 10ft. It is clear that all propositions 
with respect to uniformly increasing velocity are 
equally true with respect to uniformly decreasing 
velocity. 

Let / represent the acceleration of a moving 
body, then 

The velocity' gained in 1 second is / 
„ „ 2 seconds is 2 / 

7> » 3 » 3/ 



>7 » ^ » ^y 

If we call V the velocity gained or lost in t seconds 
when a body is moving with a uniform acceleration 
of/ feet per second, then v ^ tf, 

§ 10. Examples. — (1) A body starting from 
rest has been moving for 5 minutes, and has acquired 
a velocity of 30 miles an hour ; what is the accelera- 
tion of the body in feet per second r 

Tj ^. 1 30 X 1760 X 3^ , 

Here, the vel. ^ — -— — ft. per second 

60 X 60 
= 44. 

and v = «/.•. 44 = 5 x 60 x / /. / = ^ ft. per sec. 

(2) If a body move from rest with a uniform 

2 

acceleration of — ft. per sec, how long must it be 

o 

moving to acquire a velocity of 40 miles an hour ? 
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Here. vel. = rr^ jr^ = -^r- i^. per sec. 

' 60 X 60 3 ^ 

and / = I /. ^ = < X I /. < = 88 sees. 

O o o 

(3) What velocity does a body acquire in 3 
minutes, if its motion is accelerated at the rate of 
32 ft. per sec. ? 

Here / = 32, < = 3 x 60, .*. v = 32 x 
3 X 60 = 5760. 



§ 11. Space Described. — To find the space 
through which a body passes when it moves with a 
uniform acceleration is a somewhat difficult problem, 
requiring higher mathematics than we are supposed 
to have at our command. Later on, we shall show 
how this problem may be solved by a purely 
geometrical method, but now we shall content our- 
selves with explaining how it immediately follows 
irom a simple and almost self-evident proposition. 

Suppose a train to pass a certain station at the 
rate of 20 miles an hour, and to pass another station, 
one hour afterwards, at the rate of 30 miles an hour, 
and that the velocity has increased uniformly 
throughout the interval. Now, it is very evident 
that those two stations are 25 miles apart; for 
the mean velocity with which the train has moved 
is 25 miles per hour, and since the velocity has 
increased unifonnly throughout the interval, we may 
clearly assume that the space described in the first 
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half-hour was as much less than it would have beer, 
if the velocity had been uniform and 25 miles per 
hour, as in the second half-hour it was greater. 
The train will, therefore, have described the same 
space in the hour, as it would have dond if the 

velocity had been uniform and equal to ^ 

ue. 25 miles. Enunciating this principle generally 
we may say : — The space described in any given time 
by a body moving with a uniform acceleration equals 
the space that it would have described, if it had been 
moving throughout the given time with a uniform 
velocity equal to the mean of its initial and terminal 
velocities. 

We are now able to determine the space described 
in t seconds, when a body moves with an acceleration 
of/ feet per second. 

First. Let the body start from rest. In this case 
the initial velocity = o, and the velocity after t 
seconds, that is the terminal' velocity = tf /. mean 

vel. ^ — ^ — - = -~ ; and if a body move for t 

t f 
seconds with a velocity equal to -^, the space de- 

scribed is < x -/ (§ 8). 

'• ^ — 2~' 

Secondly. Suppose the velocity at starting to 
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be Uj then t seconds afterwards the velocity will be 
u + tfj and the mean velocity is 

u + u + tf __ ^ , i/ 

.*. space described in t seconds =ir 5 = ^ w + —-^. 

Generally, if u be the velocity at the beginning of 
a time t^ and v the velocity at the end of that period, 

the space described in the time < = i — "-^ — . 

§ 12. Examples. — (1) A body commences to 
move with a velocity of 30 ft. per sec, and its 
velocity is each second increased by 10 ft. per sec. 
Find the space described in 5 seconds. 

Initial vel. = 30 ; Final vel. = 30 + 50 = 80 

1 30 + 80 .. 
.*. mean vel. = ^ = 55 

and space described = 5 x 55 =: 275 feet. 

(2) Find the acceleration, if a body starting 
with a velocity of 10 ft. per sec. describes 90 ft. in 
4 sees. 

Let / = acceleration; Initial vel. = 10; Final 
vel. = 10 + 4/ 



1 10 + 10 + 4/* iA . o^ 
/. mean vel. = — — — ? — ^ = 10 + 2/. 

:. space described=4 (10 + 2/)=40 + 8/= 90 ft. 
/, y* = 6:J^ feet per second. 
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§ 13. To find the space described in any par- 
tioular second, when a body moves with a uniform 
acceleration/. 

If the body start from rest the space described in 



the first second is 



2 2 



Space described in 2**^ second is 'LJL-J. = _/ 
^ 2 2 

3rd 2/4- 3/ _ 5/ 

4th 3/+4/ _7/ 

Hence, it will be seen, by looking at the numbers 
1, 3, 5, 7, that the space described in the i*^ second 

equals the t^^ odd nmnber multiplied by ^ 

ors = (2«- 1)-/ 

So also, the space described in the first t seconds 
of the motion equals the sum of the first t odd num- 
bers multiplied by -^ ; ots=- -J^sls before, (§ 11). 

§ 14. From the two formulae v = ^/(§ 9) and 
5= ~(§ 11) we obtain, by eliminating t, a third 

formula which connects the velocity acquired with 
the space described. Thus : — 

c 
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.-. t;2 = 2/5. 

Examples. — (1) Find the velocity of a body, 
■which starting from rest with an acceleration of 10 
feet per sec. has described a space of 20 fb. 

i;2 = 2/5 = 2 X 10 X 20 = 400; 
.-. V = 20. 

(2) What space must a body traverse to acquire 
a velocity of 50 ft. per sec. if it move with a uniform 
acceleration of 5 ft. 7 

50 X 50 = 2 X 5 X «.-.« = 250 ft. 

§ 15. To find the relation between the velocity 
and space described, when a body starts with an 
initial velocity u^ and moves with an accelera- 
tion/ 

Let h equal the space which the body, starting 
from rest, would have described under the accelera- 
tion /in acquiring the velocity w. Then u^ ^ 2/ A; 
and if v be the final velocity which the body pos- 
sesses, after describing the space s, v equals the 
velocity which the body would have acquired if it 

had started from rest, and passed through A -f- 5 feet 

.-. v^ = 2f(h + 8) 

= 2fh + 2/5 = ii2 + 2/3 
/. t;2 = tt^ H- 2/5. 
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This equation gives the relation between the 
final velocity, the initial velocity and the space 
traversed. 

Example. — Through what space must a body 
pass Tmder an acceleration of 6 ft. per sec., so that 
its velocity may increase firom 10 ft. to 20 ft. per 
sec.? 

Here 202 -« jq^ + 2 x 5 x s; 

,^^^400-100^3^^ 

EXERCISES. 

1. In what time will a body moving * with an acceleration 

of 25 feet per second acquire a velocity of 1000 feet 
per second? 

2. What space will a body describe in 6 seconds, moving 

with an acceleration of 160 yards per minute ? 

3. With what velocity miist a body start, if its velocity be 

retarded 10 feet per second and it come to rest in 12 
seconds ? 

4. In how many seconds will a body describe 1400 feet, 

moving from rest with acceleration of 7 feet per second? 

5. Through what space will a body move in 4 seconds with 

an acceleration of 32-2 feet per second? 

6. A body moving from rest with a uniform acceleration 

describes 90 feet in the dth second of its motion, find 
the acceleration and velocity after 10 seconds. 

7. What is the velocity of a particle which moving with an 

acceleration of 20 feet per second has traversed 1000 
feet? 



' In the examples the body is supposed to start from 
rest, unless otherwise stated. 

2 
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8. A bodj is obserred to move over 4f5 feet and 55 feet in 

2 successive seconds, find the space it would describd 
in the 20th second. 

9. With what velocity is a body moving after 4 seconds if 

its acceleration be 10 feet per second ? 

10. The velocity of a body increases every minute at the rate 

of 360 yards per minute. Express this acceleration, 
taking feet and seconds as units of space and time. 
Find the space described from rest in 20 seconds. 

11. What velocity must a body have so that, if its velocity be 

retarded 10 feet per second, it may move over 45 feet ? 

12. What velocity will be gained by a particle that moves 

for 5 seconds with an acceleration of 12 feet per 
second ? 



n. Composition of Velocities. 

§ 16. Resultant Velocity. — If a body tend to 
move with several different velocities, the velocity 
with which it actually moves is called the resultant 

Fia. 1. 
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velocity, and those several velocities are called 
components. 

If a body tend to move with a velocity u which 
ivould take it from J. to -B in one second, and likewise 
with a velocity w' which would take it from Bto C in 



MEASUREMENT OP MOTION. 21 

the same straight line in one second, then at the 
end of the second the body will be found at C, as if 
it had moved with a velocity u + u'. So too, if the 
body have several tendencies to uniform motion in 
the same straight line, the resultant velocity will be 
the algebraical sum of the component velocities. 

Cases of the composition of velocities in the same 
line occur when a body is moving on something 
which is itself in motion, as when a boat is descend- 
ing or ascending a river. Suppose the velocity of 
the stream to be 8 miles an hour and the vessel to 
be sailing at the rate of 8 miles an hour in still 
water, then the actual velocity of the vessel is 5 or 
11 miles an hour according as the vessel is sailing up 
or down stream. When a man paces the deck of a 
steamer, which is sailing down a river, the actual 
velocity of the man is the algebraical sum of the 
velocity of the steamer and of the stream, and of the 
rate at which the man is walking. 

t 

§ 17. If a body tend to move with a uniform 
velocity and a uniform acceleration^ in the same 
straight line, or if it be moving with a certain accele- 
ration along a line, which is, itself, moving uniformly, 
the resultant velocity at the end of any given time 
will be the sum or difference of the uniform velocity 
and the velocity acquired during that time. If w be 

' The word acceleration is used, here and elsewhere, to 
express a uniformly increasing velocity. 
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the uniform velocity,/ the acceleration, and t the time 
v=:iu+tf; and if Si be the space the body would 
describe in t seconds, if moving with the uniform 
velocity w,, and 82 the space it would describe, if 
moving with the acceleration /i, then if 5 be the space 
actually described, 5 = Sj + ^2 

= t«+?^ (§§8,11) 

If there be several uniform velocities and several 
accelerations, 

, = <(«,+«, + ...) + t'(/i +/« + •••) 

An instance of the composition of a uniform velocity 
and two different accelerations occurs when a body 
is projected up or down a rough incline. 

The three formulae, already determined, 

V = u ± tf 

8=:tu± ^Y 

v^ = u^ + 2f8 (§15) 

are sufficient for the solution of all problems which 
are concerned with rectilinear motion resulting from 
the composition of a uniform velocity and uniform 
acceleration in the same straight line. 

§ 18. Composition of Velocities not in the same 
straight line. — Suppose a body tend to move with 
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a uniform velocity u whicli would take it from ^ to -B 
in one second, and with a uniform velocity u' whicli 
would take it from .^ to £> in one second, then at the 
end of the second the body will be found at C, where 
B C is equal and parallel to A D. Moreover, the 
body will have moved aloDg A 0, and A C represents 
the resultant velocity. That A C will be the path of the 
body may be seen by supposing the body to be moving 
along A JT whilst the line -4 X moves parallel to itself 
with its extremity in A T, Then if J. 5 be divided 
into any number of equal parts, say four, and A D into 

Fig. 2. 
A h. B X 




Y 

a like number of parts, while the body moves from A 
to hi, the point A with the line A B will move from 
-4 to c?i, and the body will be at Cj at the end of the 
first quarter of a second ; and for the same reason the 
body will be at C2, C3 at the end of each subsequent 
quarter of a second. The points Cj, C2, C3 can be 
proved to be in the same straight line by equality of 
triangles, and since -4 Cj, Cj C2, C2 C3 are equal, the 
motion along A Ci^ uniform. 
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§ 19. Parallelogram of Velocities. — ^The fore- 

going proposition is known as the parallelogram of 
velocities, and may be enunciated thus : — If a body 
tend to move with two uniform velocities represented 
by the two sides of a parallelogram, drawn through a 
fixed point, then the resultant velocity will he repre^ 
sented by the diagonal of this parallelogram that 
passes through the same point. 

Since the velocities A B and A D are equivalent 
to -4 C, it is clear that if a body tend to move with 
three velocities represented hy A B, A D and C A, 
the body will remain at rest ; and since B C ia equal 
to AD, the three velocities that neutralize one another 
can be represented hj A B,B C and C A, — the three 
sides of a triangle taken in order. 

§ 20. It follows from the foregoing that if a 
body tend to move simultaneously with several velo- 
cities, which would take it (^g, 3) from to A, from 
to B, from to C, from to 2) in one second, 
and if A B' be drawn equal and parallel to Bj 
B' C equal and parallel to C and C D' equal and 
parallel to Z>, then since B' is the diagonal of the 
parallelogram formed hy A, B,it represents the 
resultant of these two velocities, and C represents, 
for the same reason, the resultant of the velocities 
B' and C, i.e, ofOA, B, and (7 ; and simi- 
larly D' represents the final resultant of the several 
velocities. We see, therefore, that if a body have 
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these several tendencies to motioD, it will be found 
at the end of a second or of any given time at the 
same point 2)', as if it had moved first irqm to 
A, then from A to -B', thence from B' to C, and 
finally from C to D', i,e, along the sides of a 
polygon which respectively represent the velocities. 
And if the point D' had coincided with 0, or the 

Fio. 3. 




body had had an additional velocity represented in 
magnitude and direction by D' 0, the body at the 
end of the second, or of any less period of time, 
would have been at 0; in other words it. would 
have remained at rest. 

If, therefore, the several velocities, with which 
the body tends to move, can be represented in mag- 
nitude and direction by the sides of a closed polygon 
taken in order, the body will be at rest; but if the 
velocities are represented by the sides of an open 
polygon, the body will move, and the resultant velo- 
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city will be represented by the straight line that 
closes the polygon. 

§ 21. CompositioiL of uniform Velocity and 
Acceleration. — Suppose a body tend to move with a 
unilbrm velocity which would take it from A to B 
in one second, and likewise with an acceleration that 
would take it from -4 to Z> in one second ; then, at 

Fig. 4. 




the end of the second the body will be foimd at C 
where B C ia equal and parallel to A D, just as if it 
had moved from A Uy B and from -B to C in the 
second ; but the body will not have moved along the 
diagonal A G. For, since the velocity along AD ia 
not uniform, the spaces described in equal intervals 
of time will not be equal along A D, whilst they are 
equal along A B, and therefore the points Ci, C2, C3 
will not lie in a straight line. In this case, there- 
fore, the path is a curve, and the nature of the curve 
depends on the magnitude of the acceleration. The 
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path of a shot projected at a certain angle to the 
horizon, is a curve resulting from the composition of 
a uniform velocity in one direction and an accelera- 
tion in ja different direction. 

So, also, if a body tend to move with two dif- 
ferent accelerations in different directions, the 
diagonal of the parallelogram will represent the 
resultant acceleration, although the path of the body 
may be along some other line. 

§ 22. All these results may be summed up in 
one general law : When a body tends to move with 
several different velocities in different directions, the 
body will be, at the end of any given time, at the same 
point, as if it had moved with each velocity separately. 
This is the fundamental law of the composition of 
motions, and it shows that all problems which in- 
volve simultaneous tendencies to motion may be 
treated as if those tendencies were successive. 

§ 23. Besolntion of Velocity. — As the diagonal 
of the parallelogram, the sides of which represent the 
component velocities, was found to represent the 
resultant velocity, so any velocity represented by 
a certain straight line may be resolved into com- 
ponent velocities represented by the sides of the 
parallelogram of which that line is the diagonal. 
Suppose a body urged by a velocity that would take 
it from to A in one second, then if C ABhe 
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any parallelogram described on A as diagonal, the 
body would eqnallj be at ^ at the end of one second, 
if urged by two velocities, which would separately 
take it from to C and O to .B in one second, and 
therefore B, C represent the components of this 
velocity. 

J£ £ and (7 be at right angles to each other 
then OA^ = B^ + C* and if Xhe the com- 

Fig. 6. 




ponent along O B and Y the component along C, 
and if E be the original velocity along -4, we have 



x: R :: ob : oa orz = 



OB 
OA 



R 



T:R :: oC:OAotT=:^r 

OA 



§ 24. Examples. — (1) A body tends to move 
with velocities of 30 feet and 40 feet per sec. along 
two straight lines at right angles to each other ; find 
the resultant velocity. 

Let V = resultant velocity, 
then F« = 30> + 40^ = 2500 /. F = 50 feet per sec. 



MEASUBEMENT OE MOTION. 



29 



(2) A body is moving in a certain direction at 
the rate V feet per second, find the components of its 
velocity along lines inclined to its direction at angles 
of 30°, 45°, 60° respectively. 

If the angle A B i^ 45° it follows that B 
= J5^and0^2^2 0jB2 

.\0 B = — = , and if F be the velocity along A, 
\/2 

its component along -B is — =.. 

\/2 



f 10. 6. 




B O 




B O 




If the angle AOBi& 30°, it follows that A s= 
2 AB, 

.-. OA^ = OB^ + ^, or OB =^ AJ^ 

V \/ 3 

and the component of the velocity is — - — 



If the angle AOB m 60°, OB =~ and the 

V 

component required is - . 

As these results frequently occur, they should be 
very carefully remembered. 
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EXERCISES. 

1. A body is ramnltaneously urged to move with velocities 

of 50 feet> 21 feet, and 25 feet respectively ; can the 
body remain at rest ? 

2. A body whilst moving vertically downwards with a uni- 

form velocity of 10 feet per second is urged horizontally 
with an acceleration of 5 feet per second ; find its dis- 
tance from starting point after 2 seconds. 

3. A body tends to move in a certain direction with an 

•acceleration of 32 feet per second, but is constrained 
to move in a direction inclined at an angle of 45° to 
the original direction; find the component of its ac- 
celeration in the latter direction. 

4. A body moving with a uniform velocity of 30 miles an 

hour has its velocity accelerated 10 feet per second 
in the same direction; find the space traversed in a 
quarter of a minute. 

5. A body is moving at the rate of 40 miles an hour when 

its velocity is retarded at the rate of 6 inches per 
second; when and where will it stop? 

6. A body tends to move with equal velocities of 10 feet per 

second in two directions inclined at 120° to each other; 
find its path and resultant velocity. 



III. Geometrical Representation of Motion, 

§ 25. In this Lesson we shall show how the 
subjects that have already been considered, viz., 
time) uniform and variable velocity, and space 
described may be geometrically represented. 
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Let -Z be a line limited towards 0, unlimited 
towards X, on which units of length correspond to 
units of time; so that if the points A, B, C be 
equally distant from 0, and A represent one 
second, jB would represent two seconds, and'so on. 
Now let the velocity with which a body is moving 
at any particular time be represented by a vertical 

Fig. 7. 




drawn through one of the points 0, -4, B, C, &c. 
Thus, if P represents the velocity at 0, and A Qat 
Ay then A Qis greater than P, in the same propor- 
tion as the velocity at A is greater than the velocity 
at 0, and these lines Py A Qy B By . . . indicate 
the number of feet per second with which the body 
is moving at the points 0, Ay B. . . . In the same 
way, if all the corresponding verticals be drawn for 
periods of time between 0, Ay B , . . and their ex- 
tremities be joined, the line F Q B S F ^ called 
the curve of velocity. 

It must not be supposed that the curve of 
velocity is the same thing as the path of a body. 
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Motion might take place in a straight line and yet 
the curve of velocity might be represented by the 
annexed figure. The curve of velocity is merely a 
graphic representation of the increase and decrease 
in the rate of motion at successive intervals of time. ^ 
II we draw the lines F a, Qh parallel to the line 
Xy Qa and E b will represent the increase of the 
velocity during the first two seconds; and if this 
increase were tmiform these lines would represent 
the acceleration. When the acceleration varies, it 
is measured at any point by the velocity, which 
would be added in a imit of time, if the velocity 
increased unif onnly throughout such time. If there- 
fore tangents be drawn to the curve at the points 
Q and E the acceleration at Q would be represented 
by r b, and at i? by s c. Thus r b measures the rate 
at which the velocity of the body is increasing per 
second at the particular moment of time indicated 
hy A, and when the velocity already acquired is 
A Q. In this way we obtain a graphic representa- 
tion of the velocity and acceleration of the body 
at any instant of time. 

§ 26. We have now to show how the space 
described in any given time may be graphically 
represented. Let Z (fig. 8) represent any in- 
terval of time, A the velocity at 0, YZ the 
velocity at Z, and AF Y the curve of motion as 
before. Let FG he a. very small interval of time 
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r. Let jP P be the velocity at the beginning of the 
time T, G Q the velocity at the end. Then the 
space described in the time r must be greater than 
the space that would be described if the velocity Pi^ 
were imiform throughout the interval, and less than 
tlie space that would be described with the uniform 
velocity Q G, That is, the true space must lie be- 
tween Pi^ X i^ G^ and Q G^ X PG (since s = v <) ; 
but P P X P G^ = the rectangle P G, and Q G 

Fig. 8. 




X P(t = the rectangle QF. Therefore the true 
space described is represented by a figure the magni- 
tude of which lies between the rectangles P G and 
Q P. Now the whole time Z \^ made up of the 
sum of such intervals as F Gj and therefore the 
whole space described in the time Z is some- 
where between the number of units of area in the 
sum of all the rectangles like P G, and the sum of 
all the rectangles like Q P. But the sum of each of 
these sets of rectangles approaches nearer and nearer 
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to the area of the whole figure O A TZ^ sls F G is 
made smaller and smaller; and can be made to 
differ from A TZhjas small a quantity as ever we 
please. It thus appears that the space described lies 
between two quantities ; that each of these quantities 
becomes ultimately equal to O A YZ, aaF G dimin- 
ishes without limit ; and, therefore, that the space 
described equals the number of units of area in the 
figure OATZ, We have thus proved that the space 
described in any given time may be represented by 
the number of units of area contained by the two 
verticals of velocity, the included line of time, and 
the portion of the curve intercepted between these 
two verticals. 

The problem of finding the space described in any 
time resolves itself into that of finding the area of a 
curve. In all but the simplest cases a knowledge of 
higher mathematics is necessary. 

§ 27. In uniform motion the velocity at different 
intervals of time remains the same. The curve 

Fig. 9. 
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K 



becomes therefore in this case a straight line, 
parallel to the line of time, and the space described in 
t seconds equals the area L=: OK x KL = i , r. 
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§ 28. — To find the space described in t secoudf^ 
when a body moves with a uniform acceleration. 

In this case the increments of velocity for suc- 
cessive seconds are constant. 

First, Let the body start from rest. Then it 
X be the line of time, and Ay A B , . represent 

Fig. 10. 




seconds, and if P A represent the velocity at -4, QB 
at B and i? (7 at C ; and ii Fb, Q c be drawn parallel 
to X, then P ^ = Q ft = is c =/, the acceleration, 
and OP Q can be proved to be a straight line. 

Let i-ff" represent the velocity after f seconds, then 
O K = t and LK = tf, and the space described in t 

seconds equals the area of the triangle OLK= ^ * 

The same reasoning as was employed to establish 
the general proposition (§26) might have been used 
to prove this independently. 

Secondly, Let the body start with a given velocity. 

d2 
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Let u equal this initial velocity, / the acceleration, 
and t the time. Then F ^= u and Qa =f, where 
A represents one second. Let K = t. Then the 

Fig. 11. 




T K 

space described is represented by OP L K, which is 
equal to the rectangle H ■{- triangle P L H 

= P0 X OK + ^LH X PH 
= ut + ^tf.t 

Let S r bisect K, and through S draw MSN' 
parallel to K, Then ^ince the triangle P M S is 
equal to the triangle S L N, the area 
OPLK= SLveaiOMNK 
^ ST X OK 

^0_P^rLK^OK 
2 



w + w' 



t 



where u' is the terminal velocity. 

Or, the space described in any given time, when a 
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body starts with a certain velocity which is uniformly 
accelerated, is equal to the space which would have 
been described, if the body had moved throughout 
the given time with a imiform velocity equal to the 
mean of the initial and terminal velocities (§ 11). 



EXAMINATION. 



1. Distinguish between motion of translation, rotation, and 

vibration. 

2. What is meant by uniform velocity ? How is it mea- 
. sured? 

3. Two bodies start from AtoB and from B to A, two 

points 80 yards apart, at the same time ; the one moves 
uniformly at the rate of 10 ft. per sec., the other at the 
rate of 12 ft. per sec. ; where will they meet? 

4. If a particle 1 inches from a given point revolve round 

it 7 times in 22 sees., find the velocity of the particle. 
6.. Two men A and B start at the same moment iu the 
same direction, from two points 1,600 ft. apart; if A 
walk 4 miles an hour and B Zl miles an hour, where 
will A overtake B? 

6. When is a velocity said to be uniformly accelerated ? 

7. A body begins to move with a velocity of 100 ft. per sec, 

and at the end of 7 sees, its velocity is 66 ft. How 
much is the velocity retarded a second ? 

8. Show how it is that the space described in any time, 

when a body moves with a uniform acceleration, is 
proportional to the square of the time. 

9. Enunciate the law of the composition of velocities. 

10. A body is simultaneously impressed with three uniform 
velocities, one of which would cause it to move 10 ft. 
North in 2 sees., another 12 ft. in omu sec. in the same 
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direction ; and a third 21 ft. South in 3 sees. Where 
will the body be in 5 sees. ? 

11. Explain the proposition known as the paralielogratn of 

relocities. 

12. A body tends to move horizontally with a uniform velocity 

of 1 2 ft per sec., and also vertically downwards with 
a uniform velocity of 8 ft. per sec. * determine the 
position after 3 sees. 

13. A body begins to move with an acceleration of 8 -o. per. 

sec., and its velocity is at the same time retarded 2 ft. 
in 3 sees. ; find the space described in 3 sees. 

14. Explain why it is dangerous to jump out of a railway 

carriage in motion. 

15. A body is projected horizontally from the- top of *a cliflf 

with a velocity of 500 ft. per sec. ; it reaches the 
ground in 3 sees. ; find its distance from the foot of the 
cliff. 

16. If a person is walking in a straight line, in what direc- 

tion must he throw a ball upwards, that it may return 
into his hand ? 

17. If a ball be thrown out of the window of a railway carriage 

in motion, in what direction will it seem to fall, and 
in what direction will it really fall ? 

18. A body moving uniformly with a velocity of 10 ft. per 

sec. is suddenly impressed Avitli an acceleration of 32 
ft. per sec. in the same direction ; what space will be 
described in the 3rd second of its accelerated motion ? 

19. A body moves with a velocity of 10 ft. per sec. in a given 

direction ; find the velocity in a direction inclined at 
an angle of 30° to the original direction. 

20. What acceleration along a certain line is equivalent to 

an acceleration of 20 ft. per sec. in a direction that 
makes an angle of 45° with that line ? 

21. A particle moves with a uniformly increasing velocity. 

Show that the whole space described- is proportional to 
the square of the time from the beginning of the 
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motion. — {Matricfdation Exam, Univ. Lon.f Jan. 

1871.) 
22. A balloon is carried along by a current of air moving 
from east to west at the rate of 60 miles an hour, 
having no motion of its own through the air, and a 
feather is dropped from the balloon. What sort of a 
path will it appear to describe, as seen by a man in 
the balloon? — (Matric, June 1874.) 
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CHAPTER n. 

FALLING BODIES. 

IV. Bodies fcdling freely. 

§ 29. Most of the preceding principles of motion 
are well illustrated by falling bodies. When a body 
is allowed to fall freely it is found to acquire a 
velocity of about 32*2 feet per second every second 
of its motion, so that it is said to move with an 
acceleration of 32'2. This acceleration, which for 
the sake of convenience is represented in books on 
Mechanics by the letter * ^,' can be shown to vary 
with the distance of the body from the earth's centre. 
Thus at the summit of a high mountain g is found to 
be less than near the surface of the earth ; and at the 
equator, in consequence of the peculiar configuration 
of the earth, it is less than in the neighbourhood of 
the poles. Thus the velocity which a body acquires 
in falling freely for one second varies with the 
latitude of the place, and likewise with its altitude 
above the sea-level ; but is independent of the size 
of the body, and of the quantity of matter it con- 
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tains. Common experience would lead us to sup- 
pose that a small ball of lead would fall more quickly 
than a similar ball of cork, because we are accustomed 
to see light bodies, such as feathers, fall very slowly 
to the ground. A little thought, however, will show 
us that the resistance of the air must have more 
effect on large and light bodies than on small and 
heavy bodies, and it may easily be proved by trial 
that a feather and a ball of lead will iall to the 
groimd in the same time in a vessel from which the 
air has been removed. Neglecting the resistance of 
the air, we are able to state that all bodies acquire 
a velocity of ^ feet per second in falling to the ground, 
and that g varies with the distance of the body from 
the earth's centre, but is the same for all kinds of 
bodies. As the substance of the body does not need 
to be taken into consideration, all problems con- 
cerning fiilling bodies may be regarded as cases of 
accelerated motion in which f •=, g^ and may be 
solved by the application of the formulae already 
established : 

s = tu 4- — ^ 
~ 2 

V^ = ||2 ^ 2 ^ s 

where u is the initial velocity with which a body 
is projected upwards or downwards. 

It is evident that if a body be projected upwards 
it will lose each second of its motion the same 
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velocity which it would gain if it fell freely for one 
second; for observation teaches us that all bodies 
tend to move towards the earth with an acceleration 
of g feet per second. Hence, a body projected up- 
wards may be said to be moving with a n^ative 
acceleration or retardation of ^ feet per second. The 
consequences which are involved in this proposition 
we will now proceed to consider separately. 

§ 30. To find the time dnring which a body 
rises when projected vertically upwards with a 
certain velocity. 

Let u be the velocity of projection, then 

gives the velocity of the body after any time U 

Now, when the body has reached its highest point, 

its velocity equals zero, and t is the time occupied 

in acquiring this velocity. If, therefore, we put 

z; = in the above equation the corresponding value 

of t will be the time of rising. 

u 
• / — _ 

9 
This shows that a body takes the same time to lose 

a velocity g in rising as to acquire it in falling. 

§ 31. To find the whole time of fiight. 

The formula « = f m ^ gives the distance of 

a body from the starting-point after t seconds, when 
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projected vertically upwards with the velocity u. 
Now it is evident, that when a body has risen to its 
maximum height and returned to the point of pro- 
jection, 8 = 0. If, therefore, we put s = o in the 
above equation we get t equal to the whole time of 
flight; 

which gives i =5 o or t = — . The former of 

9 

these two values shows that t = o, before the body 

2 w 
starts; the latter that < = — , when the body has 

2 u 
returned. Hence — is the whole time of flight. 

9 
But - has just been proved to be the time of rising, 

therefore ~- must also be the time of falling ; i.e. the 

time of rising equals the time of falling. 

If V equal the velocity with which the body 
passes any point in its path when rising, then, since 
V at that point may be considered as a velocity of 
projection, the body will have the same velocity 
when it returns to that point. In other words, a 
body passes each point in its path with the same 
velocity, whether rising or falling. This proposition 
may be proved directly from the formula 

v^ = u^ — 2g8, 
where v = velocity with which the body passes a 
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point the distance of which from the point of pro- 
jection is «. For, since 

v* = w2 _ 2gSj V = ± ^/ (n* — 2gs). 
Hence v has two equal values differing in sign only. 

§ 32. To find the height to which a body will 

rise when projected vertically upwards with a 

given velocity. — Take the formula v* = w* — 2 ^ 5 ; 

then, since v = o at the summit, the corresponding 

value of 8 equals the height to which the body will 

rise, 

/. u^ = 2g s 

or s = ■ — 

Since u^ = 2 gs, where s is the height to which a 
body rises, and u is the velocity of projection, we see 
that a body would rise through the same space in 
losing a velocity w, as it would fall through to gain 
it. 

§ 33. Examples. — (1) A body projected ver- 
tically downwards with a velocity of 20 ft. a sec. 
from the top of a tower reaches the ground in 2*5 
sees. : find the height of the tower. 

Here t = 2^; u = 20 and s =^ tu + —^ , As- 

Bume g = 32. 

Then s = 50 + llii^ = 150 ft. 

4 

(2) A body is projected vertically upwards with 
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a velocity of 200 ft. per sec, find the velocity with 
which it will pass a point 100 ft. above the point of 
projection. 

Here u = 200, s = 100 and v^ = u^ -2gs 

.-. v^ = (200)2 - 64 X 100 

= 40,000 - 6400 = 33600 

v = 40V2i. 
(3) A man is rising in a balloon with a uniform 
velocity of 20 ft. a sec, when he drops a stone which 
reaches the ground in 4 sees. : find the height of the 

balloon. 

Here u = 20, and i = 4 



and 8= — tu + 



t'g 



2 

/. 5 = - 80 + 16 X 16 = 176 

.*. the height of the balloon was 176 ft. 

(4) A shot is fired in a direction inclined at 60° 
to the horizon, with a velocity of 600 ft. per sec. : 
find the height to which it rises and its horizontal 
range. 

Here the law of the composition of motion 
applies. The vertical component of the velocity is 

and the horizontal component is 300. 

If « be the height to which it rises 

/600 X v/3\2 



/600 X v/3\2 ^ 



. ._300 X 300 X 3 _27 X 625 .oioa a 
* 64 — 4 -ij^iofit., 
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and if t = time of flight t = ^^ = — 

/. the horizontal range is found by seeing how fiur 

75 a/ 3 
a body will move horizontally in — - — seconds 

with a velocity of 300 ft. Since s = tv we have 
75 X ^/3 



8 = 



X 300 = 75 X 75 X ^/ 3 ft. 



V. Motion on an Inclined Plane. 

§ 34. Let ^ J? be a plane inclined to the horizon 
at an angle J ^ C, it is required to And the acceleror 

Fig. 12. 




tion with which a heavy body will move, if it rolls 
do^vn or is projected up the plane. 

Let the body be moving down the plane. 
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Suppose the body to be at a. 

Draw ab vertically downwards and make it 
equal to A B, Let a h represent g^ the acceleration 
with which the body would move if free to fall. 
Then, if i c be drawn at right angles to A B, the 
triangle a 6 c is in every respect equal to the triangle 
AB Cy and a c represents the resolved part of the 
acceleration a d in the direction A B, 

Let/ be this component of ^ 

Then, / : g :: ac : ah (§ 23) 
>, ac AC 

Since ac = A C, and ab = AB. 

Let A Cj the height of the plane, equal h, and A B 
the length of the plane, equal L 

Then/= Ji. g 
If the angle of the plane is 30°,/= ^ 

If the body be projected up the plane the retar- 
dation due to the body's tendency to fall will also 

be represented by a c, and will be equal to y . g, 
§ 35. The motion of the body, if allowed to fall 
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down the plane, can be ascertained from tiie equa- 
tions V = tf; s = -/; t;* =2 /«, by putting 

fz=:-.g; and if the body be projected up or down 

the plane, the motion can be determined by substi- 
tuting this value of / in the equations. 

V = M + tf,s=:ut± ^; r* = tt» + 2/5 
Where u is the velocity of projection. 

§ 36. Examples. — (1) Find the velocity with 
which a body must be projected up an inclined plane, 
the height of which is h feet, and length I feet, to 
reach the top. 

At the summit v = o, /, m* = 2/s = 2 — g. l\ 



/. w = ^ 2hgj i.e, the same velocity as would be 
needed to project the body from C to A. 

(2) Find the time occupied in felling down the 
whole length of an inclined plane. 

2/^2 hg 

or t 



-Wh 



If the height of the plane remains the same, the 
time of falling varies directly with the length. 
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§ 37. To find the time of falling down any chord 
of a vertical circle drawn through its highest 
point. 

Let A Che the chord, A B the diameter of the 




circle. Join C B and draw C D perpendicular to A B. 

A D AC 
Then the acceleration down AC'=^ —r-p^ g = -^-^ g^ 



AC 



AB 



by similarity of triangles. 



/. smce 8 = — -^j we have AC = crrji ^ 



2AB 



="••••'- V(4-') 



which is constant, and shows that the time of falling 
down any chord is the same as the time of falling 
down the diameter. 

§ 38. This proposition enables us to find the line 
of quickest descent from a point to a curve or from 
one line to another. 

E 
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The line of quickest descent from a point to a 
straight line incli&ed to the horizon may be found 
thus : — ^Let P be the point, A B the straight line. 
Through P draw PA^a horizontal line meeting A B 
in A, Bisect the angle P A B hj AO. Through P 
draw P C vertical and from C draw C Q perpendicular 
to AB, P Q is the line of quickest descent. For it 
is evident that a circle may be described which has 

Fig. 14. 




C for its centre and which touches A B and AP in Q 
and P ; and since the time of falling down all chords 
of this circle from P is the same, P Q must be the 
line of quickest descent. 

The problem of finding the line of quickest de- 
scent from a point to a curve is thus found to resolve 
itself into the purely geometrical problem of drawing 
a circle, the highest point of which shall be the given 
point, and which shall touch the given curve. 
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EXERCISES. 

In the following examples g may be supposed to equal 

32 ft. 

1. Through what distance must a body fall to acquire a 

velocity of 80 ft. per sec. ? 

2. A body falls freely for 6 sees. ; what is its velocity ? 

3. A body falls freely for 6 sees.; what space wiU be de- 

scribed in the last second, and in the whole time ? 

4. A body is projected upwards with a velocity of 6 ^ ft. ; 

to what height will it rise ? 

5. A body is projected upwards with a velocity of 80 ft. ; 

after what time will it return to the hand ? 

6. A ball is thrown downwards with a velocity of 20 ft. per 

sec.; find its distance from the point of projection 
after 3 sees. 

7. A ball is thrown downwards with a velocity of 60 ft. per 

sec. ; what is its velocity after 4 sees. ? 

8. With what velocity must a body be projected vertically 

upwards that it may rise 40 ft. ? 

9. A body projected vertically upwards passes a certain 

point with a velocity of 80 ft. per sec. ; how much 
higher will it ascend ? 

10. A body projected horizontally from the top of a cliff with 

a velocity of 40 ft. per sec. strikes the ground after 3 
sees. ; find the distance of the point of fall from the 
point of projection. 

11. A man descending uniformly the shaft of a mine with a 

velocity of 100 ft. per min. drops a stone which 
reaches the bottom in 2 sees ; through what distance 
did it fall? 

12. A body starts with a velocity of 90 ft. and loses a third 

of its velocity per sec. ; how far will it move ? 

13. Two balls are dropped from the top of a tower, one of 

them 3 sees, before the other; how far will they be 
be apart' 5 sees, after the first was let fall ? 

B 2 
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14. If a body after having fallen for 3 sees, break a pane of 

glass and thereby lose one-third of its velocity, find 
the entire space through which it will have fallen in 
4 sees. 

15. With what velocity must a body be projected vertically 

downwards that it may describe 296 ft. in 4 sees. ? 

16. A body falls freely ; find the spaces traversed in the 2nd, 

5th, and 7th sees, respectively. 

17. A body projected vertically downwards with a velocity of 

40 ft. per sec. describes 120 ft. in a certain second; 
find the space described in the preceding second. 

18. Two seconds after a body is let fnll another body is pro- 

jected vertically downwards with a velocity of 100 ft. 
per sec. ; when will it overtake the former ? 
10. With what velocity must a body be projected vertically 
upwards to return to the hand after 6 sees. ? 

20. A ball is dropped from the top of the mast of a ship 

which is sailing at the rate of 1 8 miles an hour ; if 
the mast be 64 ft. high, how far will the ship have 
sailed during the passage of the ball? 

21. With what velocity must a ball be projected vertically 

upwards, to strike the top of a tower 144 ft. high, and 
how long will it take to reach it ? 

22. The angle of a plane is 30° ; find the velocity with which 

a body must be projected up it, to reach the top, the 
length of the plane being 20 ft. 

23. Pind the velocity of a body that has fallen for 3 sees, 

down a plane that rises 2 ins. in a length of 5 ins. 
•24. A body is projected down a plane the inclination of 

which is 45° with a velocity of 10 ft. ; find the space 

described in 2^ sees. 
25. A steam-engine starts on a downward incline of 1 in 200 * 

1 An incline of 1 in 200 is understood in some books on 
mechanics to mean 1 foot vertically to a length of 200 ft. In 
other books it signifies 1 foot vertically to 200 ft. herUontaVy. 
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with a velocity of 7i miles an hour, neglecting friction ; 
find the space traversed in two minutes, 

26. A body projected up an incline of 1 in 100 with a 

velocity of 16 miles an hour just reaches the summit ; 
find the time occupied. 

27. A body is projected with a velocity of 200 ft. per sec. in 

a direction inclined to the horizon at 45° ; find the 
greatest height it reaches, and the distance of the 
point where it touches the ground from the point of 
projection. 



EXAMINATION. 



1. Find the distance through which a body falls in 1 J sec. 

2. Explain, by a graphic representation or otherwise, how 

it is that a body falling from rest acquires a velocity 
of 32*2 feet and passes through 16*1 feet only in the 
first sec. ? 

3. If a small pebble and a pound of lead be dropped from 

the top of a tower at the same second, which will reach 
the ground first ? 

4. Is there any difference in the velocity which a falling 

body acquires, when dropped from a certain height near 
the equator and from the same height near the poles ? 
6. If a body falls freely, through what space will it pass in 
the 3rd, 5th, and 7th sees, of its motion ? 

6. If a body be projected downwards with a velocity of a ft. 

per. sec, what will be its velocity in x sees. ? 

7. Prove that a body projected upwards with a certain 

Engineers use the expression in the latter sense. We shall 
adhere to the other signification, as the ratio of the height to 
the length of a plane occurs more frequently than the ratio of 
the height to the hose. 
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velocity takes the same time to lose it, as it would take 
to gain it, if let falL 

8. A body is projected upwards with a velocity of 100 ft 

per sec. ; find the whole time of flight. 

9. Prove by means of a diagram or otherwise that s = 

< tt + . — ±. where u is the initial velocity, and / the 

acceleration per sec 

10. A ball is projected upwards with a velocity of 150 ft. 

per sec, and 2 sees, afterwards another ball is pro- 
jected upwards wi th a velocity of 200 ft. per sec. ; find 
their distance apart 5 sees, after the first ball was pro- 
jected. 

11. How high will a body rise projected upwards with a 

velocity of 96*6 ft. per sec. ? What will be its velocity 
3^ sees, after it was projected ? [g ^ 32*2] 

12. A body is projected with a velocity of 2^ ft. per sec. in 

a direction making an angle of half a right angle with 
the horizon ; show how to find its place at the end of 
2 sees. 

13. A balloon is rising uniformly with a velocity of 10ft. per 

sec, when a man drops from it a stone which reaches 
the ground in 3 sees. ; find the height of the balloon, 
first, when the stone was dropped; and, secondly, when 
it reached the ground. 

14. A stone falls fireely for 3 sees., when it passes through a 

sheet of glass, in consequence of which it loses half its 
velocity ; find the height of the glass from the ground, 
if it reaches the earth 2 sees, after breaking the glass. 
16. Explain how acceleration, and the space described in any 
particular second, when a body moves with a constant 
acceleration, may be graphically represented. 

16. A body is projected vertically upwards from the top of an 

eminence with a velocity of 100 ft. per sec. ; find its 
velocity after 7*5 sees. 

17. With what velocity must a body be projected vertically 

upwards to attain a height of 40,401 ft. ? 
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18. A man is standing on a platform which descends with a 

uniform acceleration of 5 fL per sec. ; after having 
descended for 2 sees, he drops a ball ; what will be the 
velocity of the ball after 2 more sees. ? 

19. A stone projected horizontally with a velocity of 20 ft. 

per sec from the top of a tower strikes the ground 
after 3 sees. ; find the distance of the point of &kllfrom 
the point of projection. 

20. Enunciate the principle of motion which is assumed in 

the solution of the above. 

21. A body whilst filing to the ground is attracted horizon- 

tally by a force which produces an acceleration of 3 
ft. per sec. ; find the distance of the body from starting 
point after 2 sees. 

22. Prove that if a body be projected upwards with a certain 

velocity, the height to which it will rise is equal to the 
distance through which it would have to fall to ac- 
quire that velocity. 

23. Show how to find the acceleration with which heavy 

particles fall down an inclined plane. 

24. The angle of a plane is 30°, the length 20 ft. ; find the 

time occupied in falling from the top to the bottom. 

25. Show that a body projected vertically upwards will pass 

all points in its path with the same velocity in rising 
as in falling. 

26. Through what vertical distance must a heavy body fall 

fi»m rest in order to acquire a velocity of 161 ft. per 
sec. ? If it continue falling for another second after 
having acquired the above velocity, through what 
distance will it fall in that time ? (Gravity = 32-2.) — 
Matriculation^ Univ. Lon., 1869. 

27. A balloon has been ascending vertically at a uniform 

rate for 4*5 sees., and a stone let fall from it reaches 
the ground in 7 sees. ; find the velocity of the balloon 
and the height from which the stone is let fall. — lb., 
1869. 

28. If a heavy body is thrown vertically up to a given height 
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and then falls back to the earth, show that, neglecting; 
the resistance of the air, it passes each point of its 
path with the same velocity when rising and when 
falling. — Matrictdationf Univ. Lon.y Jan. 1871. 

29. A baU is allowed to fall to the ground from a certain 

height, and at the same instant another ball is thrown 
upwards with just sufficient velocity to carry it to the 
height from which the first one falls ; show when and 
where the two balls will pass each other. — lb., Jan. 
1871. 

30. A heavy particle is dropped irom a given point, and 

after it has fallen for one second another particle is 
dropped from the same point. What is the distance 
between the two particles when tJie first has been 
moving during 6 sees. ? — 76., Jan. 1871. 

31. The intensity of gravity at the surface of the planet 

Jupiter being about 2*6 times as great as it is at the 
surface of the earth, find approximately the time which 
a heavy body would occupy in falling from a height of 
167 ft. to the surface of Jupiter. — Ib.y Jan. 1873. 

32. If a body is projected upwards with a velocity of 120 ft. 

in a second, what is the greatest height to which it will 
pise, and when will it be moving with a velocity of 40 
ft. per sec? — Matriculation, Jan. 1874. 

33. Suppose that at the equator a straight hollow tube were 

thrust vertically down towards the centre of the earth, 
and that a heavy body were dropped through the 
centre of puch a tube. It would soon strike one side ; 
find which, giving a reason for your reply. — lb., June 
1874. 

34. What is meant by sa3ring that the acceleration produced 

by gravity is represented by the number 32*2 ? 
From a point in a smooth inclined plane a ball is rolled 
up the plane with a velocity of 16*1 ft. per sec. How 
far will it roll before it comes to rest, the inclination 
of the plane to the horizon being 30° ? Also, how far 
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will the ball be from the starting-point after 5 sees, 
from the beginning of motion ? — Matriculation^ June 
1874. 

35. Prove the formula which gives the distance described in 

a given time by a body thrown vertically upwards with 
a given velocity. — Prelim, Scient. Ist M. B, IS71. 

36. A body is projected up an inclined plane with given 

velocity. Show that the space described in any time 
is equal to that which would be described in the same 
time with a uniform velocity equal to half the sum of 
the velocities at the beginning and end of the time. 
Hence find the space described on a plane inclined at 
30® to the horizon while the velocity changes from 48 
to 16 ft. per sec.— i5., 1872. 

37. A heavy body on a level plain has simultaneously com- 

municated to it an upward vertical velocity of 48 ft. 
per sec, and a horizontal velocity of 25 ft. per sec. 
Find its greatest height, its range, and its whole time 
of flight.— 76., 1874. 
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CHAPTER m. 

MEASUREMENT OF FORCE. 

VI. Mass — Momentum — Unit of Force — Weight. 

We have now to consider motion in its connection 
with the quantity of matter moved, and with the 
cause producing it. 

§ 39. Matter. — Mass. — By matter we under- 
stand whatever produces resistance. Matter exists in 
three forms : in the solid, the liquid, and the gaseous 
form.* The earth, the water, and the air are ex- 
amples of these three conditions of matter. Each 
offers resistance to the motion of a body. The same 
substance is sometimes found -to exist in Nature 
under all these forms, which are convertible the one 
into the other. Thus we are familiar with water in 
its solid state as ice, in its ordinary liquid state, and 
as a gas in the form of steam. 
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The quantity of matter a body contains is called 
its mass. 

Mass is invariably measured by weight, and we 
shall explain later imder what conditions this is 
correct. When we speak of a poimd of lead, the 
word * pomid ' expresses a definite quantity of matter, 
and we suppose all bodies of the same weight to have 
the same mass. Commercially, weight always stands 
for mass; and the merchant who estimates his 
stock by cwts. and tons understands by those 
weights nothing more than the measure of the quan- 
tity of matter he possesses. 

§ 40. Momentnm. — Hitherto we have treated 
motion apart from the idea of mass, or the quantity 
of matter moved ; and the rate of motion or velocity 
was in that case its correct measure. But, it is 
evident that if two bodies are moving with the same 
velocity there will be a greater quantity of motion 
in that which contains the greater quantity of matter, 
just as there is more heat in 10 gallons of water at 
10° C. than in one gallon at the same temperature. 
When the motion of a definite amount of matter is 
thus considered it is called momentum. Thus, the 
word momentum is employed to express the quantity 
of motion in a moving bodt/y whilst the word velocity 
is lestricted to its original meaning of intensity or 
rate of motion. The difference between momentum 
and velocity is analogous to that which exists be- 
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tween the quantity of heat a body contains and its 
temperature. Everyone knows that there is more 
heat in a hundred gallons of water at 20** C. than 
there is in a teaspoonful of boiling water, although 
the temperature of the latter is much higher than 
that of the former. 

In measuring momentum it is necessary to take 
some fixed amount of motion as a unit. The unit 
of momentum is defined as the quantity of motion in a 
unit of mass moving with a unit of velocity. The 
unit of mass in this country is the quantity of matter 
in a standard pound-avoirdupois, and the unit of 
velocity has been already defined. The unit of 
momentum is, therefore, the quantity of motion in 
a body which contains one pound of matter and is 
moving at the rate of one foot per second. 

If a body contain M units of mass and be moving 
with a unit of velocity, it will possess M imits of 
momentum, and if it be moving with v units of 
velocity, it will possess Mv units of momentum. 
This is what is meant by saying, that the momentum 
of a body whose mass is M and velocity v equals Mv. 

§ 41. Density. — The quantity of matter in a body 
does not depend on the size of the body only, but 
also on the closeness with which the particles are 
packed. This difference is defined as a difference of 
density. Thus there is more matter in a cubic inch 
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of lead than in a cubic inch of oak, and this is ex- 
pressed by sa3dng that the density of lead is greater 
than the density of oak. 

§ 42. Force. — ^We are now in a position to con- 
sider what is meant by force. The principal pro- 
perties of matter, with which we are concerned, are, 
that it moves and offers resistance to the motion of 
other bodies. Now, force is the name given to the 
unknown causes of all the various phenomena which 
matter exhibits: and as all these phenomena are 
accompanied by motion or the tendency to motion, 
we shall understand by force whatever produces or 
tends to produce motion or change of motion. It is 
evident that of forces, per se, we can know absolutely 
nothing. We can only observe their effects; and 
of these, the most general is motion. We have 
already seen that matter and the tendency to motion 
are always conjoined, and this fact has led some 
writers to identify force and matter. It is quite 
certain that matter does not exist apart from force ; 
and we need not now pause to consider whether 
force can exist apart from matter. We shall find it 
convenient and desirable to consider force aa the 
cause of motion, and wherever we find motion or 
change of motion we shall assume the existence of 
force. 

§ 43. Measurement of Force. — The intimate 
connection that exists between moving matter and 
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force enables us to measure force by the amount of 
motion produced or destroyed in a unit of time. 
Having already defined what is meant by quantity 
of motion, we see that the proper measure of force is 
the momentum generated or destroyed in one second, 

§ 44. Unit of Force. — The unit of force is that 
force which in a unit of time can produce or destroy 
a unit of momentum. In England, the unit of force 
is that force which acting for one second will give to 
a pound of matter a velocity of one foot per second. 
Now, if a body weighing 1 lb. fall freely for one 
second, it will acquire a velocity of 32'2 feet per 
second ; i.e. the force represented by that weight can 
give to the matter contained in the body 32*2 units of 
velocity in one second. It follows,, therefore, that a 
pound- weight can produce in one second 32*2 imits 
of momentum, and consists of 32*2 units of force. A 

weight equal to -__ lb. is, consequently, sufficient 

to produce in one second one unit of momentum, and 
may be considered as the unit of force. This weight 
may be roughly taken as a half- ounce avoirdupois, so 
that a half-ounce acting on a pound of matter for one 
second will give to it a velocity of one foot per 
second. This fact will, later on, be experimentally 
verified. As a imit of force can be measured by a 
certain vi eight, all forces can be estimated in the 
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same way, and can be representeei by equivalent 
weights. 

§ 45. Force of Gravitation, — Tlie forces of 
nature are very various, comprising gravitation, co- 
hesion, heat, electricity, and others. All tend to 
produce motion, some acting between bodies widely 
distant in space, and others between the molecules of 
bodies in intimate juxtaposition. Of these forces 
that which is most easily measured is gravitation. 
This force is imiversally present, and gives rise to 
the phenomenon known as weight. The force of 
gravitation acts between all bodies and through any 
intervening space. The law of universal gravitation 
was established by Newton. It asserts that every 
particle of matter attracts, and is attracted to, every 
other particle of matter, wherever situated ; and that 
the intensity of the force diminishes, as the square of 
the distance between the two bodies increases. The 
force of gravitation explains the motion of the 
planets and other heavenly bodies, as well as the 
tendency of all bodies near the earth to fall to the 
ground. Force, being thus universally present in 
the form of weight, weight becomes a convenient 
representative of other forces. We can aj)in'eciate 
the power of any other agent, when we compare it 
with weight, and find out what weight would be 
able, in the same amount of time, to produce the 
seme effect. It should, however, be clearly under- 
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stood that weight is but one of a great number of 
different forces which it serves to measure. Just as 
money, which is no more wealth than any other com- 
modity, is taken to represent and measure all other 
kinds of wealth, on account of its easy divisibility, 
its constancy of value and other properties, so weight 
is the standard by which other physical forces are 
estimated. A sovereign may be regarded as a cer- 
tain amount of wealtli in the form of gold, and also as 
the measure of an equal amount of wealth in some 
other form; and in the same way a pound- weight, 
which represents a definite amount of the force of 
gravitation, serves also to measure other forces capable 
of producing the same effect. Weight may, perhaps, 
not inappropriately, be called the coinage offeree. 

§ 46. Weight and Mass. — We have seen that 
by weight is understood a certain amount of the 
force of gravitation, and by 7na8S the quantity of 
matter a body contains. The word weight, however, 
has been made to do double duty, sometimes stand- 
ing for force and sometimes for mass. These two 
significations of the same word should be carefully 
distinguished. Since the force of gravitation varies 
inversely with the square of the distance from the 
earth's centre, the same amount of matter is heavier 
at one place than at another. Hence, the weight of 
a body may change whilst its mass remains the same. 
Thiis the same amount of matter weighed in a spring 
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balance would be found to depress the spring less at 
the equator than at the poles, and less also at the 
top of a mountain than at the level of the sea. 
Whenever weight is taken to represent mass it is 
assumed that the force of gravitation is constant, and 
on this supposition only can weight be regarded as &. 
correct measure of the quantity of matter a body 
contains. 

§ 47. Centre of Gravity. — In connection with 
the word weight it is well to define a term of fre- 
quent occurrence in mechanical problems, and which 
we shall have afterwards to consider more carefully 
in its relation to particular bodies. The word 
* centre of gravity ' is used to express that one point, 
at which the whole weight of a body may be sup- 
posed to act. Such a point is found to exist with 
respect to every body ; and knowing the position of 
this point we are able to consider the weight of the 
body as a force acting, at that point, vertically down- 
wards. 

§ 48. Pressure. — When a heavy body rests on 
a hard surface and is prevented from producing 
motion by the molecular attractions between the 
particles of the substance on which it rests, it is said 
to exert a pressure. Pressure may be produced by 
other forces than weight ; but in all cases the ten- 
dency of the force to produce motion is counteracted. 

p 
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If we try to move a body along a horizontal plane, 
we shall have to exert a certain amount of force 
before motion takes place, and this force or pressure 
is counteracted by the friction between the body and 
the surface on which it is about to move. If a 
weight be placed on a sheet of stretched paper it 
will exert a certain force and then fall through ; but 
if supported on a sheet of metal its tendency to 
motion will be counteracted, and it will exert, 
instead, an equivalent pressure. In the theory of 
equilibrium or Statics pressure is a convenient 
measure of weight and of such other forces as are 
prevented from producing motion. 

VII. — Dynamical Formulce — Atwood's Machine — 

Problems, 

§ 49. Suppose a force the magnitude of which 
we will call P is capable of giving to a mass JIf a 
velocity of f feet per second, every second of its 
action, then the force P will generate in one second 
Mf units of momentum, and Mf would be the 
measure of P. Since the unit of force is that force 
which can produce in one second one unit of mo- 
mentum, the force P which generates in one second 
Mf units of momentum must contain Mf units of 

force, or 

P = Mf 

This is the fiiDdamental Equation of Dynamics. 
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Now, we have just seen that the mass of a body 
can be measured by its weight only, and that weight 
is a force which like other forces is measured by the 
momentum generated or destroyed in one second. 
Suppose W to he a weight the mass of which is M, at 
a place where the acceleration due to gravity is g, then 
the weight W will, if free to descend, acquire in one 
second a velocity of g feet, i.e, the weight W ia a. 
force which will generate in one second M g units of 
momentum, and consequently 

Tr= Mg. 

If we substitute the value of 3/ given by this equation, 
in the general equation of force, viz. P = Mfj we 
obtain 

9 -^ 
or P: Wy.flgorf^^.g. 

This last equation is most important in the solution 
of dynamical problems, and expresses the fact, that 
if a force P act for one second on a certain quantity 
of matter, the weight of which is TF, where the ac- 
celeration due to gravity is g^ then the velocity 
generated in every second of P*8 action is /feet per 

second, where / = ^^ 9- 

In this equation, P stands for any one of the 
physical forces represented in weight, and is sup- 
posed to be acting constantly for some definite period 

F 2 
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of time. It may meaji a muscular force equivalent 
to a certain number of lbs. -weight, or the elastic 
force of steam which produces motion in a variety of 
ways, or the force of an elastic spring which animates 
a watch, or a certain amount of heat capable of 
stretching an iron bar. It may also represent a 
resistance such as friction, which tends to destroy 
momentum, and which acts in a direction opposite 
to that in which motion is about to take place. In 
all cases, if P be the moving or retarding force, and 
/ the velocity produced or destroj^ed in one second, 

P = Mf 
and f = f^-9, 

where W is the weight of the mass M, 

§ 50. The relation that subsists between the 
quantities of P, W and f, as given in the above 
equation, is sometimes expressed by the following 
proposition, which in some books has been incorrectly 
called the third law of motion : * When pressure com- 
municates motion to a mass, the acceleration varies 
directly as the pressure and inversely as the masa ' 
By pressure is here understood P, the force causing 
motion, and by massTF, the weight of the mass moved, 
This law, which follows from the definitions already 
given, may be verified in many dififerent ways, but 
most conveniently by a machine called, after its 
inventor, Atwood's Machine, by means of which 
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we can show that if W remains constant / varies 
with P, and if P remains constant /varies inversely 
with W. 

§ 51. Atwood's Machine. — This machine con- 
sists of an upright pillar graduated in feet and inches, 
and surmounted by a wheel revolving with as little 

Fig. 16. 




friction as possible. It is also furnished with a 
pendulum that beats seconds. A fine string passes 
over the wheel and supports two weights. If these 
weights be equal, they will either remain at rest or 
move uniformly with the velocity imparted to them. 
If a small weight be added to either, that weight 
becomes the moving force, which together with both 
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weights represents the whole of the mass moved. 
The additional weight, which serves as a moving 
force, is generally in the form of a small bar, so that 
it may remain on the top of a ring with which the 
upright pillar HI is furnished, and through which 
the weight A can pass. If now the ring F be placed 
at such a distance below the starting-point that the 
weight A reaches it in one second, the velocity then 
acquired will equal /, the acceleration ; and if the 
bar be left on the top of the ring, the weight will 
move uniformly with the velocity already acquired. 
If then a stage G be placed so far below the ring as 
to stop the weight in one second after the bar has 
been moved, the distance F G will measure /, the 
acceleration. Then it will be found that if the 
weight of the bar be increased whilst the whole mass 
remains the same, the acceleration will vary directly 
with the pressure causing motion ; and if the weight 
of the bar remain the same, whilst the equal weights 
are increased, the acceleration is correspondingly 

diminished. If, also, the value of / be calculated 

p 

from the formula /* = — a. the distance F G will be 

found to accord with it, and in every other respect 
the experiment will illustrate the results arrived at, 
by giving values to the symbols in the expression 

The advantage of this machine is that the value 
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of / can be made as small as we please by taking 
the weight of the bar sufficiently small compared 
with the two equal weights, and the value of g may 
consequently be calculated if / be accurately deter- 
mined by experiment. Thus, suppose the weight 
of the bar to be 0*2 ozs., and each of the weights 
1-lb., and that the distance FG is found to be 0*2 

P 

feet. Then from the formula/ = ,-^. ^, since P = 

0-2 ozs. and TT = (2 x 16 + 0-2) ozs. and/= 0-2 
feet, we have 

32-2 ^ 
or 

g = 32-2 feet. 

§ 52. Examples.— (1) Two weights P and Q 
hang over a smooth wheel, as in Atwood's machine ; 
find the acceleration. 

Here the force causing motion is the difference 
between P and Q, since there would be no motion if 
P were equal to Q. The moving force is, therefore, 
P — Q. The weight of the mass moved is P + Q 

P— Q 

•'••^-P+Q'^' 

As soon as the acceleration is determined, all 
problems connected with motion can be solved by 
substituting its value for /in the equations 

V = u + tf 
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s z= tu ±: -^ 

i;2 = w2 j_ 2/s. 

(2) To find the space described by either weight 
in 3 seconds, when P = 5 ozs. and Q = 3 ozs. 

Here force producing motion is 5 — 3 = 2 ozs.; 
and the weight of the mass moved is 5 + 3 = 8 ozs. 

/./= |32 = 8; also 
o 

5 = ^-^=9x4 = 36 feet. 

(3) A body weighing 12 ozs. rests on a perfectly 
smooth horizontal table and is drawn along by a 

Fig. 16. 
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weight of 4 ozs., attached to it by a string that 
passes over a pulley at the edge ; find the velocity 
after 4 seconds. 

Since the weight P is entirely supported by the 
resistance of the table, the moving force is the weight 
of 4 ozs. hanging vertically downwards, and the 
weight of the mass moved = 4 + 12 = 16 ozs. 

.-./= .i. 32 = 8*; and 1? = </= 4 x 8 = 32. 
16 

(4) Two weights of 9 ozs. and 7 ozs. hang over a 
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smooth wheel; motion continues for 5 sees., when 
the string breaks; find the height to which the 
lighter weight will rise after the breakage. 

Here P = 9 - 7 = 2 ozs. and W= 9+7 = 16 ozs. 

.•./ = ^ 32 = 4; andi; = ^/=5 x 4=20 
16 

/. each weight has an initial velocity of 20 feet when 
the string breaks. 

/. t;2 = 20^ = 2 X 32 x s 

8 = — 7 = 6i feet, i.e. the lighter 
64 

weight will rise 6^ feet, before it begins to descend. 

(5) A steam-engine is moving at the rate of 30 
miles an hour when the steam is turned off; sup- 
posing the friction to be equivalent to a retarding 
force of f^jj of the weight of the engine, find how 
long and how far it will move before it stops. 

Let W be weight of engine, then if P be the 

retarding force, 

W 

o TT , . 400 g 

P= — and/= ---.flr = --^. 

400 *^ W ^ 400 

rr.L 1 •. • OA -1 T, •. 1760 X 3 X 30 

The velocity is 30 miles an hour, i.e. — - - 

•' 60 X CO 

= 44 feet per second. The question is, in how 

long a time will this velocity be destroyed, if the 

32 

velocity be retarded — - feet per sec? Since v = 

ij* we hare 
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AA * 32 , 17600 KK^ 

^^ = ^ 77^ O^ ^ = — oT- == 55^ sees. 

400 32 

also v^ = 2fs .\ U X U = —s 
•^ 400 

^^ ^ 44 X 44 X 400 lonnn^: ^ 
or 5 = — = 12,100 feet. 

64 

(6) For how long a time must a force of 3 ozs. 
act on a mass, the weight of which is 12 ozs., to 
generate a velocity of 40 feet per sec. ? 

Here/ = -:^^ 32 = 8, and v = tf 

,\ 40 = 8 t or ^ = 5 sees. 

(7) A force of 4 ozs. causes a certain mass to 
move from rest, through 18 feet in 3 sees. ; find the 
weight of the mass. 

.=y /. 18= |./ /. /=4 

.\ 4 = 4r • 32 .\ W= 32 ozs. 

(8) A body weighing 12 ozs. is moving along a 
rough table, on which the friction is equivalent to a 
force of 3 ozs., with a velocity of 20 feet per second. 
After one second, it reaches the edge of the table 
and falls to the ground in 2 sees. ; find the distance 
of the point of fall from the edge of the table. 

Here the retarding force is 3 ozs., and the 
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3 

weight of the mass retarded is 12 ozs. z, /= -_ 32 

■lib 

= 8. 

If V be the velocity after one second, v=: u — tf 
=. 20 - 8 = 12. 

The body, therefore, leaves the table with a hori- 
zontal velocity equal to 12 ft. per sec. It reaches 
the ground in 2 sees., in which time it will have 

fallen through -^ — - — = 64 ft. In 2 sees, it will 
have moved horizontally 2 x 12 = 24 ft. 



/. distance required = V (64|2 + 24|2) = 68 ft. 
nearly. 

(9) A plane supporting a weight of 12 ozs. is 
descending with a uniform acceleration of 10 ft. per 
sec. ; find the pressure that the weight exerts on the 
plans. 

When a body rests on a horizontal surface it 
exerts a pressure equal to its own weight. If the 
plane moves with an acceleration of 32 2 ft., the 
Aveight exerts no pressure whatever. This would 
be the case if we were to place a weight on a book, 
and then let the book fall. During the motion, the 
weight would exert no pressure on the book, since 
they would both move together. 

Let P be the pressure the body exerts on the 
plane when moving with an acceleration of 10 ft. 
per second. Then the pressure causing motion is 
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(12— JP) ozs., and the weight of the mass moved is 
12 ozs. (neglecting the weight of the plane) 

/. /= 10 = ^-^-^ X 32, orP = 8i ozs. 

(10) A body weighing 50 lbs. is acted on by a 
constant force which acts for 5 sees, and then ceases 
to act ; the body moves through 60 feet in the next 
2 sees. Express the force in absolute units. 

The absolute unit of force is g times as great aa 
the unit we have adopted, being that force which 
will generate in one second a velocity of g feet per 
second. 

Here TT = 50 lbs. and / = ~. </ = "^. 
Since this force P acts for 5 seconds, the velocity ac- 
quired will be 5/= ^ = — ^. The body is 

then found to move, with this velocity, through 60 
feet in 2 seconds. Since s = tv we have 

60 = 2 X :?! .-. P ^ = 300 
the measure of the force in absolute units. 

(1 1 ) A weight Q supported on an inclined plane, 
which rises ^ in Z, is pulled up the plane by a 
weight P connected with Q by a thread, which 
passes over a wheel at the summit of the plane, and 
hangs vertically downwards. Find the acceleration 
on the plane. 
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Let F equal the force with which the body, 
whose weight is Q, tends to move down the plane, and 
/ its acceleration in that direction, then 

/= ^^'and /. / = ~ 
Q 9 H 



But 



g I I 



Fig. 17. 




if, therefore, P cause Q to ascend the plane, the 
force causing motion must be P — F •=■ P — - Q 

and the acceleration = I 

p^u *^- 

(12) Two weights P and Q are supported on two 
inclined planes, the lengths of which are I and V 
and the common height h. They are connected by 
a fine thread as before : find the acceleration. 

If F equal the force with which P tends to de- 
scend, then F = lP as above, and if F' equal 

the force with which Q tends to descend, then F' = 
y Q, and if P is able to draw up Q, the force cans 

V 
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ing motion is JP' — JF" = -- P — -7 Q, and the accd- 

Lb 

leration equals -=^ . — — ^ . g. 

(13) A body is projected up an inclined plane 
which rises 1 in 10 with a velocity of 40 feet per 
second. Supposing the effect of friction to be 
equivalent to a uniformly retarding force equal to 
y^ the weight of the body, find how far the body 
will move up the plane. 

Here there are two causes tending to destroy the 
velocity of projection ; first, the retardation due to 
gravity ; secondly, that due to friction. 

Retardation due to gravity* = — g =i — g 

W 



„ „ „ friction = --7- . a =r -?_ 

IV ^ 100 

/• resultant retardation equals ( -^ + __: ] a, 

^ \ 10 looy ^ 

Since v^ = 2/5 we have 

^ uo looy^ 
_ 22 

.\ s = 227^i ft. 
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EXEECISES. 

1. Two weights of 4^ ozs. and 3^ ozs. hang over a pulley ; 

find the space moved through from rest in 4 sees. 

2. For how long a time must a force * of 2 ozs. act on a 

mass of 4 lbs. that it may give to the mass a velocity 
of 60 ft. per sec. ? 

3. What weight hanging vertically downwards will draw a 

weight of 3^ lbs., across a perfectly smooth table 8 ft. 
wide in 2 sees. ? 

4. Through what distance must a force of 3 ozs. act on a 

mass of 16 ozs. to give to it a velocity of 6 ft. per sec. ? 

5. Two weights hang over a pulley; the heavier is 12 ozs., 

and it moves the lighter through 36 ft. in 3 sees. ; find 
the lighter weight. 

6. What is the force of friction if a body weighing 20 ozs. 

projected along a rough horizontal plane with a 
velocity of 48 ft. per sec, come to rest after 5 sees. ? 

7. What weight must be added to one of two equal weights 

of 6 ozs., which hang over a smooth wheel so that they 
may move through 16 ft. in 5 sees. ? 

8. Required the force producing motion, if a weight of 25 

ozs. be caused to move through 320 ft. in 10 sees, 

9. The velocity of a body weighing 12 ozs., increases from 

10 ft. per sec. to 20 ft. per sec. whilst the body passes 
over 1 5 ft. ; what is the moving force ? 

10. Two weights, one of which is 4 ozs., hang ove;r a pulley ; 

the weight of 4 ozs. ascends with a uniform accelera- 
tion of 6 ft. ser sec. Find the other weight. 

11. Two weights of 7 J ozs. and 8^ ozs. connected by a thread 

» A force of ^ ozs. means a force that produces the same 
eifect as a weight of 2 ozs. acting vertically downwards. A 
moii of 4 lbs. means a mass the weight of which is 4 11)H. 
where the acceleration due to gravity is g. 
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hang over a pulley ; motion continues for 3 sees., when 
the string breaks. To what height will the lighter 
weight ascend, and how far will the heavier weight fall 
in 4 sees, after the breaking of the string? 

12. A steam-engine is moving at the rate of 20 miles an hour 

when the steam is let oflf ; if the force of friction be 
equivalent to ^ of the weight of the engine, after 
what time will it stop? 

13. A plane sustaining a weight of 20 ozs. is descending with 

a uniform acceleration of 10 ft; find the pressure on 
the plane. 

14. A weight df 1 cwt. goes up and down on a lift with a 

uniform acceleration of 4 ft. per sec. ; find the pressure 
on the lift in each case. 

15. A weight of 20 ozs. is moved on a smooth horizontal 

table by a weight of 4 ozs. connected with it by a 
string which passes over a pulley at the edge of the 
table and hangs vertically downwards. After 3 sees, 
the weight reaches the edge of the table, and the 
string breaks. At what distance from the top of the 
table will the weight of 20 ozs. strike the ground 
supposing it to reach the ground in 1 sec. ? 

16. If a force of 6 lbs. gives to a certain mass a velocity of 

20 ft. per sec. in 4 sees., what velocity will a force of 
4 lbs. give to twice the mass in 6 sees. ? 

17. For how long a time must a force of 3 lbs. act on a mass 

of 120 lbs. to give to it a velocity of 960 yards per 
minute ? 



VIII. — Impulsive Forces. 

§ 53. The forces we have hitherto considered 
have been such as, acting for one second, generate a 
certain amount of momentum, by which they have 
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been numerically expressed. These forces are some- 
times called moving forces — a term which expresses 
no more than force itself, since all forces necessarily 
tend to produce motion. We have to consider now 
a class of forces which ' do not continue to act for 
any definite period of time, but cease to act as soon 
as they have imparted a certain velocity to the mass 
which they set in motion. We have instances of 
such forces when a ball is projected from the hand, 
or struck by a bat, when an arrow is shot from a 
bow, or a bullet irom a gim, when a nail is hammered 
into a wall, or when piles are driven into the ground ; 
in short, whenever the impelling force acts for an 
indefinitely short period of time and then ceases to 
act. These forces are called impulsive forces^ and 
it is clear that we cannot measure their magnitude 
by the momentum they generate in a second, since 
their action is limited to a much shorter period 
of time. They can, however, be measured by the 
momentum instantaneously generated ; and this mo- 
mentum will remain constant, neither increasing nor 
decreasing, except by the action of some other force. 

If P be the magnitude of an impulsive force, 
which causes a mass M to start off instantaneously 
with a velocity v, then P = J/ . v, because Mv units 
of momentum are instantaneously generated by P. 

P Vt^ 

Hence v = .-- ; and if we substitute — for Jf we have 
M a 

p " 
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This equation differs from that previously ob- 
tained for other forces, in so far only, that v is 
substituted for /; and if we suppose / to represent 
the velocity immediately produced, instead of that 
generated after one second, the Same formula will 
hold good. It is important to remember that a 
constant force, i.e. a force which continues to act 
for a definite period of time, generates an increasing 
velocity or progressive effect, whilst an impulsive 
force, which acts for a moment only, produces a 
uniform velocity or constant effect. If the force 
continues to increase in magnitude a fortiori the 
effect increases also, and so much so that the effect 
continues to get greater after the force itself begins 
to diminish. This is the case with the average 
temperature during July and the early part of 
August, which goes on rising, although the heat 
which the earth daily receives from the sun has 
begun to diminish. 

§ 54. Examples. — (1) If a gun with a certain 
chi;rge of powder cause a hundred-pound shot to 
ascend vertically for 3 seconds, through what height 
will a fifty-pound shot ascend with three times as 
great a charge ? 

Let P be the impulsive force of powder in first 
case, and let P' be the impulsive force of powder in 
second case. 

Then if v be the velocity with which the shot 
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Jeaves the gun in fr^t case, and if 1/ be the velocity 
with which the shot leaves the gnn in second case, 

P P' 

V = —r^ . a and y' = -- at 

100 ^ 50^ 

but ^ _di-.. tr- _.^, .. --- 

and, since the shot ascends in the first case for 3 sees. 
t?=:3^.*. t/ = 18^=^/2^s where 8 is the height 

required 

/, 5 = 5184 feet nearly. 

p 

It will be seen that since v x= _- . ^, the velocity 

of projection varies directly with the impelling force 
and inversely with the weight of the mass projected. 
And, since the height to which a body rises varies 
with the square of the velocity of projection, as is 

seen from the equation v^ ^ 2 as or s = ^r-^ . the 

2^ 

height to which a body can be projected varies 

directly with the square of the impelling force, and 

inversely with the square of the mass projected. 

Eemembering this fact, many problems may be 

solved by the ordinary process of double rule of 

three. 

(2) A shot weighing 2 ozs., and projected with 
p ozs. of powder, rises to a height of 100 ft. ; to what 
height will a shot rise, that weighs 5 ozs., and is 
projected with 3p ozs. of powder ? 

o 2 
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A shot weighing 2 ozs. projected with p ozs. of 

powder rises 100 ft. ; therefore a shot weighing 1 oz. 

projected with p ozs. of powder would rise 100 x 

2^ ft. ; therefore a shot weighing 5 ozs. projected 

100 X 2^ 
with p ozs. of powder would rise ^ ft. ; there- 



fore a shot weighing 5 ozs. projected with 1 oz. of 

100 X 2^ 
powder would rise •— t^ ft. ; therefore a shot 

'^ b^ X p^ 

weighing 5 ozs. projected with dp ozs. of powder 

would rise 

100 X 22 X S^p^ 100 X 4 X 9 ... ^ 
5^ X p^ 25 



EXERCISES. 

1. An arrow shot from a bow starts off with a velocity of 

120 ft. pep sec, ; with what velocity will an arrow 
twice as heavy leave the bow, if sent off with three 
times the force ? 

2. If a ball fired from a gun rise to a height of 150 ft., 

to what height will a ball half again as heavy rise, if 
fired with twice the charge of powder ? 

3. Two balls weighing 8 ozs. and 6 ozs. respectively are 

simultaneously projected upwards, and the former rises 
to a height of 324 ft. and the latter to 256 ft. ; com- 
pare the forces of projection. 



MEASOREMEMT OF FOBCE. 85 



EXAMINATION. 

1. Explain how force is measured. 

2. What is the unit of force ? 

3. On what does the weight of a body depend? 

4. Two bodies the masses of which were as 3 : 2, were 

found by a spring balance to weigh in two different 
places 963 grammes and 628 grammes respectiyely. 
Compare the velocities acquired by a body falling for 
1 sec. in each of the two places. 

5. Explain what is meant by rruyimntumi and how it differs 

from velocity. 

6. If the unit of length were a yard and the unit of time 

were a minute, how would the value of g be corre- 
spondingly changed ? 

7. Two weights 15*25 ozs. and 16*75 hang over a pulley; 

find their velocity after 4 sees. 

8. What are the uses of Atwood's machine ? 

9. What is the law connecting the pressure that com* 

municates motion to a mass, with the acceleration with 

which the mass moves ? 
10. Find in what time a force of 5 lbs. will move a weight 

of 16 lbs. through 45 ft. along a smooth horizontal 

plane, 
il. find in wnat time a weight of 5 lbs. hanging vertically 

downwards will move a weight of 11 lbs., with 

which it is connected by a string passing over a pulley 

through 45 feet along a smooth horizontal plane. 

12. Two bodies whose masses are m and 3 m are moved by 

forces 3 p and p respectively ; compare the spaces they 
describe in t sees. 

13. What force must act on a mass of 48 lbs. to increase its 

velocity from 30 ft. to 40 ft., whilst it passes over 
80 ft. ? 

14. Por how long a time must a force of 1 lb. act on a mass 
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the weight of which is 40 lbs. to give to it a velocity of 
500 ft. per sec. ? 

15. A weight of 100 lbs. is moving horizontally with a 

velocity of 20 ft. per sec., and is retarded by friction 
which is equivalent to a force of 5 lbs. How far will 
it move ? 

16. To one end of a string hanging over a pulley is attached 

a weight of 5 02ss. and to the other end two weights of 
3 ozs. and 4 ozs. Motion takes place for 3 sees., when 
the weight of 4 ozs. is removed ; for how long will the 
weight of 5 oss. continue to ascend? 

17. Two weights Pand Q hang over a smooth wheel, con- 

nected by a string, and P descends 1 8 ft. in 3 sees. If, 
however, 5 ozs> had been added to Qy Q would have 
descended through the same space in 4^ sees. ; find P 
and Q. 

18. How may an impulsive force be measured ? If P be the 

measure of a certain blow, explain clearly the meaning 

p 
of the equation / «= — r^* 

19. What is the measure of the blow given to a ball weighing 

1 lb. if it start off with a velocity of 224 ft. per sec. ? 
20» Two balls whose masses are as 2 : 3 are projected ver- 
tically upwards with the same force; compare the 
heights to which they rise. 

21. A body of given mass is acted upon by a constant force ; 

find the space described in a given time. — Matricida' 
tiony Jan. 1870. 

22. What is meant by the * acceleration * due to a force ; and 

upon what does its magnitude depend ? If the velo- 
city of a body increases from 12 ft. to 13 ft. per sec 
while it moves over a distance of 5 ft., what is the 
acceleration? Indicate the course of the reasoning 
upon which your calculation is based. — 7J., Jan. 1870. 

23. A mass originally at rest is acted on by a force which in 

l-368th of a sec. gives to it a velocity of 5| in. per 
sec ; show what proportion the force bears to the 
weight of the mass. — /&.. Jan. 1871* 
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24 If a parbide moves in consequence of the continued action 
upon it of a constant force, show what is the character 
of the resulting motion, and in what manner it depends 
on the magnitude of the force and the mass of the 
particle. — Matriculation, Jan. 1872. 

25. As a special case show how the resulting motion would 

be changed if the mass of the particle were trebled, and 
the intensity of the force acting upon it were doubled. 
—lb,, Jan. 1872. 

26. The speed of a railway train increases uniformly for Uie 

first 3 mins. after starting, and during this time it 
travels 1 mile. What speed (in miles per hour) has it 
now gained, and what space did it describe in the first 
2 mins. ?— /6., June 1872. 

27. In the last question, supposing the line level and disre- 

garding friction and the resistance of the air, compare 
the force exerted by the engine with the weight of the 
train.— i5., June 1872. 

28. Which could you throw further, a small ball of lead or 

a ball of cork of the same size ? and why ? — lb,, Jan. 
1878. 

29. Find the tendon on a rope which draws a carriage of 8 

tons weight up a smooth incline of 1 in 5, and causes 
an increase of velocity of 3 ft. per sec. — lb,, June 
1873. 

30. If, on the same incline, the rope breaks when the car- 

riage has a velocity of 48*3 ft. per sec., how far will 
the carriage continue to move up the incline ? — lb., Jime 
1873. 

81. When a bodr changes its rate of motion under the action 
of a cons:ant force, show that the space described in 
any time is the same as the space described by a body 
moving uiiformly with the mean velocity for the same 
time. — lb, Jan. 1874. 

32. I suddenly jamp off a platform with a 20 lb. weight in 
my hand. What will be the pressure of the weight 
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upon my arm while I am in the air ? G-ive a reason 
for your reply. — Matriculation^ Jan. 1874. 
23. In Atwood's machine one of the boxes is heavier than 
the other by half an ounce. What must be the load 
of each in order that the overweighted box may fall 
through 1 foot during the first second? — lb., Jan. 
1874. 

34. The last carriage of a railway train gets loose whilst the 

train is running at the rate of 80 miles an hour up an 
incline of 1 in 160. Supposing the effect of friction 
upon the motion of the carriage to be equivalent to a 
uniformly retarding force equal to gj^ the weight of 
the carriage, find, first, the length of time during which 
the carriage will continue running up the incline, and 
secondly, the velocity with which it will be running 
down after the lapse of twice this interval &om the 
instant of its getting loose. — Preliminary Scient. 1st 
M, B., 1869. 

35. A weight of 6 ozs. is drawn up along tke lid, 4 ft long, 

and rising 2 in 9, of a smooth desk ly a weight of 5 
ozs. which, attached to the other weight by a string, 
hangs over the top of the desk and descends vertically. 
Find the velocity acquired when th« heavier weight 
reaches the top of the desk. — Ih., 1871. 

86. If the mass 1 lb. be the unit of mass, aid 1 foot and 1 

sec be the units of space and time, how would you 
define the unit of force ? and how msDy such units of 
force are there in the weight of 1^ lbs? — lb., 1871. 

87. Two planes, inclined at one-third and two-thirds of a 

right angle to the horizon respectivily, meet at the 
top and slope opposite ways. If bodiei of equal weight 
fall down these planes, starting at tie same instant, 
find their accelerations, and show thdt the motion of 
their centre of gravity is the same as if one of them 
were to remain at rest and the other D fsJl vertically. 
~jf&., 1878. 
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38. The weights at the extremities of a string vhich 
passes over the pulley of an Atwood's machine are 500 
and 502 grammes. The larger weight is allowed to 
descend ; and 3 sees, after motion has begun, 3 grammes 
are removed from the descending weight. What 
time will elapse before the weights are again at rest ? — 
Prelim. Scient Ut M. B„ 1874. 
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CHAPTER IV. 
Newton's laws of motion. 

IX. The First and Second Laws. 

§ 55. Three laws have been enimciated by Newton, 
as the principles in accordance with which motion 
takes place, and have generally been made the basis 
of Dynamical Science. In the preceding pages we 
have assumed some of the principles involved in these 
laws, but there are others of great importance which 
we shall now be able to consider. These laws are 
the following : — 

§ 56. Law I. — Every body continues in a state 
of rest ^ or of uniform motion in a straight line, unless 
it he compelled by impressed forces to change that 
state. 

This law, as founded on experience, is supported 
by negative evidence only. It consists of two dis- 
tinct parts. The first part, which is sometimes 
called the Law of Inertia, asserts that a body haa no 
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power to put itself in motion, but if in a state of rest 
it will continue so, unless made to move by external 
force. Now, we have already seen that absolute rest 
nowhere exists, and that what we call rest is a com- 
plex state resulting from the combined action of 
several forces. Since there is no matter without 
force and no force without the tendency to motion, 
the state of rest cannot be regarded as the normal 
condition of bodies. What this law, therefore, asserts 
is, that when a body is maintained in a state of rest 
by the combined action of two or more forces, the 
eneigy of these forces (a term we shall afterwards 
more carefully consider) will be continuously pre- 
served, and the body will consequently remain in a 
state of rest, unless some other force change the 
conditions. 

The second part of the law asserts what we have 
already been compelled to assume, that all bodies 
tend * to move uniformly, and in a straight line. In 
other words, that a body once in motion tends to 
preserve that condition, and to maintain its original 
momentum. In support of this law, which observa- 

* By introducing some word signifying ' tendency' in the 
propositions of dynamics, we save the necessity of providing 
for cases in which other forces change the motion of the body. 
Thns it is incorrect to say that all bodies fall to the earth, 
because a balloon contradicts this law; but it is perfectly 
correct to say that all bodies tend to fall to the earth, and to 
this law the motion of the balloon forms no exception. 
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tion abundantly verifies, an appeal is made to the 
experience acquired by gradually removing the 
several external causes, which practically, to a 
greater or less extent, always impede motion. Thus 
it is found that the smoother the road along which 
a stone is rolled the further the stone will roll ; that 
the more the air is removed from a chamber in which 
a pendulum is suspended, the longer it will continue 
to oscillate ; — that in all cases where a body once in 
motion is gradually brought to rest, some external 
force, such as iHction, is shown to exist, and that as 
this force is diminished the duration of the motion 
is increased. This law shows not only that the 
Velocity will be preserved, but likewise the direction 
of the motion ; and that a body cannot move other- 
wise than in a straight line except by the continuoua 
action of some external cause. 

§ 57. Law II. — Change of motion is proportioned 
to the impressed force, and takes place in the direction 
of the straight line in which the force is impressed. 

This law asserts that whatever motion (and by 
motion is here imderstood quantity of motion or 
momentum) a certain force produces, double as 
much motion will be produced by twice the force, 
three times as much by a force three times as great, 
and so on. It also shows that if a certain force 
actiog for one second can produce a certain amount 
of motion, the same ibrce acting for two seconds will 
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produce twice that quantity. This explains how it 
is that a constant force such as gravity produces an 
accelerative effect, adding on a fixed increment of 
momentum every second to the falling body. This 
law is really the iimdamental principle of mechanical 
science : for since change of motion is proportional 
to the moving force, when several forces act together, 
the change of motion due to each is proportional to 
each, and the law of the composition of mechanical 
forces is thus established. This law may be enun- 
ciated thus : — 

When several forces act simultaneously on a body, 
each produces the same effect as if it had acted sepa- 
rately. 

The operations of this law have been already 
considered in the chapter on Kinematics ; but quan- 
tity of motion was there understood to mean velocity 
only, since the mass of the body was not taken into 
account. This law includes, therefore, the law of 
the composition of velocities already referred to 
(§ 22). A consequence of this law is that forces 
produce the same effect when acting on a body at 
rest or in motion, since the state of rest is the result 
of a certain number of forces simultaneously acting. 
It also follows that the resultant of any number of 
forces may be found by the same process as the 
resultant of any number of velocities, and many of 
the propositions of Statics are immediately deducible 
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therefrom. The ]aw is illustrated by a variety 
of phenomena. A ball thrown vertically upwards 
from the hand of a person in motion will return to 
him just the same as if he had been stationary : 
a stone dropped from the top of the mast of a ship 
&lls at the foot of the mast, whether the vessel be 
sailing or at rest: a body projected horizontally 
from the top of a cliff reaches the groimd at the 
same point as if it had first moved horizontally with 
the velocity of projection, and then vertically down- 
wards under the action of gravity for the whole time 
of flight. Other consequences of this law have been 
already considered in Chapter I. 



X.—The Third Law of Motion. 

§ 58. Law III. — Action and Reaction are equal 
and opposite ; that is, to evert/ action there is a corre- 
sponding reaction equal in magnitude and opposite in 
direction. 

This law is a further development of the great 
physical principle involved in the two former laws — 
that Energy is as indestructible as Matter, and that 
when the action of a force seems to cease, we find in 
its place a new force which we call reaction. From 
this law many important principles, that properly 
belong to Statics, are at once deducible. It is illus- 
trated by a variety of phenomena. 
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§ 59. Statical Reaction.— If one body presses 
another it is at the same time equally pressed by the 
other body, but in an opposite direction. If we 
press our hand on a table, the hand is equally pressed 
by the table, and if the table move under the pressure 
it is because the pressure of the hand against the 
table is just, and only just, greater than the pressure 
of the table against the hand. If a heavy body rest 
on a hard surface it presses against that surface, and 
is, at the same time, equally pressed by the surface 
in the opposite direction. This opposing pressure of 
the hard surface is called Statical Reaction and is 
always perpendicular to the surface, and exactly 
equal to the pressure which the body causes in that 
direction. This is true whether a body rests on a 
sur&X!e that is horizontal or inclined at an angle to 
the horizon. In the former case the reaction is equal 
to the whole weight of the body ; but in all other 
cases it is equal to the pressure exerted, t.e. to the 
part of the force which acts in a direction perpen- 
dicular to the plane. 

§ 60. Tension. — If a horse draw a tram-car by 
means of a rope, the horse is drawn in the opposite 
direction by a force equal to that which he exerts 
through the rope. The rope in fact is stretched by 
two equal forces in opposite directions. This effort, 
so to speak, of the rope in the direction of the horse 
and in the direction of the car is called tension. 
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Tension is a force that acts equally towards both 
ends of a stretched string and at any point in it. 
The force necessary to move a body when transmitted 
through a string must be just greater than the force 
of tension which acts equally towards the pulling 
body and the body pulled. That tension is a force 
which acts equally in both directions may be seen, it 
a string be attached to a fixed wall and stretched, 
and afterwards removed from the wall and stretched 
in the opposite direction by a force sufficient to keep 
the original force in equilibrium. These two forces 
will then be found to be equal, showing that the 
wall exerted a force equal to the stretching force. 
In speaking of the tension in strings, cords, &c. we 
shall assume that the string is perfectly flexible and 
inelastic; in which case the tension is the same 
throughout the whole length of the string. It acta 
at any part of it, towards both ends, and is equal 
to the stretching force. 

§ 61. Impact. — If one body strike another body 
and change in any way the motion of the other body, 
its own motion will be changed in an equal quantity 
and in the opposite direction. Thus, if one body 
strike or impinge on another body the momentum 
which the one body loses is equal to that which the 
other gains. If the body A be moving in the direc- 
tion X F, and the body B in the opposite direction, 
and if the momentum of ^ be equal to the momentum 
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of B, and both bodies be perfectly inelastic, they will 
be brought to rest after they have impinged. But, 
if the momentum of A be greater than that of J5, 
A will bring B to rest, and then both will move on 
with a diminished velocity. In these cases a certain 

Fig. 18. 

3C > y. 




© 



amount of momentima, and consequently of force, 
is apparently lost. 

If the two bodies are moving in the same direc- 
tion and A overtakes J5, the two will move on with 
a new velocity which can be thus determined : — 

Let the velocity of J. be v and its mass M 
and „ „ B ,, u „ „ N 

Then the body A has M v units of momentum 
and „ „ 5 ^w jj » 

Let V be their common velocity alter having im- 
pinged ; then, since action and reaction are equal and 
opposite, the momentum lost by A equals the mo- 
mentum gained by B, or 

, p. __ Mv + Nu 

•• ^ " M+N • 

If the bodies are moving in opposite directions 

H 
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we can apply to their velocities the distinction of 
sign, which is common in the application of algebra 
to geometry, and call the velocity of one body positive 
and of the other negative. In this case 

T^ Mv — Nu 

M + N 

.'. generaUy V = ^^^±^. 

If the bodies be moving in opposite directions and 
Mv = iVw, F = Oy i.e. the bodies will be brought 
to rest by their collision. 

§ 62. Examples: 

(1) Two bodies the masses of which are 5 lbs, 
and 9 lbs. are moving in the same direction with 
velocities of 10 ft. and 5 ft. respectively; what is 
their common velocity after impact ? 

Here JIf = 5, JV = 9, v = 10, and m = 5 

/. 5 X 10 + 9 X 5 = 14 F /. F = ~ = 6U 

14 

ft. per sec. 

(2) Two bodies whose masses are 10 lbs. and 
8 lbs. are moving in opposite directions with velo- 
cities of 4 ft. and 6 ft. respectively ; find the velocity 
and direction of the motion after impact. 

„ yr 10 X 4 - 8 X 6 ^ ^ 

Here F = -.- = — * ft. per sec. 

The motion is in direction of the lighter body. 
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§ 63. The third law of motion is further illus- 
trated by the recoil of a gun, when a shot is projected 
from it. Without considering the exact action that 
takes place in consequence of the expansion of the 
gases which the ignited powder evolves, we may say 
that the momentum of the shot is found to equal the 
momentum of the gun. 

Suppose a shot weighing 48 lbs. to start from a 
gun weighing 4 tons with a velocity of 200 ft. per 
second, the velocity of recoil can be easily determined 
For if V equal this velocity, 

4 X 20 X 112 X t; = 48 X 200, 
and V := 1-^ ft. per second. 



EXAMINATION. 

1. How does a body tend to move when once in motion ? 

A stone is tied to a string and whirled round ; if the 
stone free itself from the string in what direction 
will it move? Show how its motion illustrates 
Newton's first law. 

2. Mention facts which serve to verify Newton's first law of 

motion. 

3. A balloon is moving Horizontally through the air at the 

rate of 30 miles an hour, and a stone dropped from it 
reaches the ground in 4 sees. What is the height of 
the balloon, and how far has it travelled during the 
passage of the hall ? If the resistance of the air be 
considered, in what direction would the stone seem to 
fall? 

H 2 
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4. What is meant by statical tension ? How does it illustrate 

Newton's third law ? 

5. If two weights P and Q hang by a string over a smooth 

wheel, and P be greater than Q, what is the tension in 
the string ? 

6. Two bodies, perfectly inelastic, of diflFerent masses, are 

moving towards each other with velocities of 10 ft. per 
sec. and 12 ft. per sec. respectively, and continue to 
move after impact with a velocity of 1*2 ft. per sec. in 
the direction of the greater. Compare their masses. 

7. What is the law of the composition of forces ? How was 

it enunciated by Newton ? 

8. If forces of 30 lbs. and 40 lbs. act at a point at right angles 

to each other, what is the resultant force ? 

9. Two bodies of equal masses are moving in the same 

direction, and the velocity of the one is 10 ft. per sec., 
of the other 15 ft. per sec. ; find their velocity after 
impact. 

10. Two bodies whose masses are to one another as 3 : 2 are 

moving (1) in the same direction with velocities of 20 
and 25 respectively, (2) in opposite directions; com- 
pare their velocities after impact. 

11. A body the mass of which is 10 lbs. is projected along a 

smooth horizontal plane with a velocity of- 20 ft., and 
strikes another body at rest the mass of which is 40 
lbs. ; find the velocity with which they move on 
together. 

12. Three bodies of equal masses are placed at equal distances 

in a straight line on a smooth horizontal plane, a 
fourth body of equal mass is projected in the same line 
with a velocity of v ft. per sec ; find the veloci ties after 
successive impacts. 

13. Show the application of Newton's third law, in hammer- 

ing a nail into the wall, in the fall of a heavy body to 
the earth, in the driving of piles into the ground. 

14. If a shot weighing 20 lbs. leave a gun weighing 3 tons 
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■with a velocity of 1,200 ft. per sec, find the velocity of 
the gun*8 recoil. 

15. If a shot weighing 32 lbs. be fired from a gun weighing 

2 tons with a velocity of 1,120 ft. per sec, and if the 
friction between the gun and the ground be equal to a 
force of 1 ton, how far will the gun recoil ? 

16. Explain the terms 'force,' 'weight,' 'pressure,' and 'ten- 

sion.* — Mairiculationy Jan. 1869. 

17. Distinguish between the statical and dynamical measures 

of force. How are they related to one another? — 2b., 
June 1869. 

18. Explain the third law of motion. Apply it to determine 

the velocity gained per second when weights of 6 ozs. 
and 4 ozs. are attached to the two ends of a string 
passing over the edge of a smooth table, the larger 
weight being drawn along the table by the smaller, 
which descends vertically. — Z6., Jan. 1871. 

19. State the three laws of motion, and give examples of each. 

A rifle is pointed horizontally with its barrel 5 ft. 
above a lake. When discharged the ball is found to 
strike the water 400 feet off. Find approximately the 
velocity of the ball. — Ib.y June 1873. 

20. State the third law of motion. 

Show from your statement of it how to find the tension 
of the string and the acceleration when one ball is 
drawn up an inclined plane by another which hangs 
by a string passing over a fixed pulley at the top of the 
plane. — Preliminary Scientific \8t M. 5., 1870. 

21. Equal spherical inelastic bodies are placed at short equal 

intervals in a smooth horizontal groove. The first is 
projected from an end along the groove with a velocity 
of 20 ft. per sec. Find tJie velocities after successive 
impacts. — lb., 1870, 

22. Explain the meaning of the phrase ' Action and Reaction 

are equal and opposite.' — lb., 1872. 

23. State the third law of motion, and show hov7 it holds in 

the case of a stone which is in the act of falling towards 
the earth. —/&., 1873. 
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CHAPTER V. 

ENERGT. 

XI. Work — Friction. 

§ 64. Whenever a body moves through any 
flpace in a direction opposite to that in which a force 
is acting on it work is said to be performed. If a 
horse draw a cart along a rough, level road, the horse 
does a certain amount of work, which depends on the 
resistance against which the horse is moving and on 
the space traversed. It is evident that the applica- 
tion of force is necessary to overcome resistance, and 
it is very often found convenient to measure the 
work done by the amount of force expended and the 
distance in the direction of the force, through which 
it has been employed. Thus, in the example already 
given, the force which the horse exerts, and the dis- 
tance through which he moves, may be regarded as 
the two elements of the woik done. 

§ 65. Unit of Work.— The unit of work is that 
amount of work which is done when a body moves 
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through one foot against a resistance of one pound. 
This unit of work is called the fooUpound, The 
unit of work is very commonly taken as the kilo- 
grammemetre, and this unit is generally employed in 
comparing the work done by different physical agents. 
The most sunple instance of the expenditure of a 
unit of work is when a pound- weight is raised verti- 
cally through one foot. In this case the measure of 
the force of gravitation is one pound, and the distance 
traversed is one foot, and we can fix our attention 
either on the force which is continuously exerted 
through one foot to raise the body, or on the resist- 
ance of one pound against which the body is moved 
through a foot. The result is the same in either 
case : a unit of work is performed. 

§ 66. Measure of work done. — If a body move 
through 8 ft. against a resistance of B lbs., or be 
moved through 8 ft. in the straight line in which a 
force of E lbs. is acting on it, Ii,s units of work will 
be performed. The work done, therefore, is mea- 
sured by the product of the resistance or force, and 
the effective distance through which the body is 
moved. By effective distance is meant the distance 
measured in the same direction as that in which the 
force is acting. Thus, if a man pull a weight of 
100 lbs. up a smooth incline 200 ft. in length and 
80 ft. in height, the effective distance through which 
the weight will have been pulled is 80 ft., although 
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the distance traversed is 200 ft., and the work done 
is 8,000 foot-pounds. 

Fnction. 

§ 67. Friction. — The "resistance which a force 
has to overcome in moving a body may be due to 
various causes, one of which, viz., gravitation, has 
ahready been considered. Another, quite as common, 
is friction, which is brought into play, whenever one 
rough body is moved upon another. Practically, all 
bodies are rough ; for, although there exists hardly 
any limit to the degree of polish that can be imparted 
to certain substances, still no surface can ever be 
absolutely smooth. 

§ 68. Measnre of Friction. — ^It is evident that 
the resistance of friction acts in the opposite direction 

Pig. 19. 

I 



A[ 



nB 



to that in which the body tends to move. It can be 
measured, therefore, by the force that is necessary to 
move the body on a horizontal plane. Suppose we 
require to know the resistance of friction that exists 
between the weight TTand the surface A Bon which 
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it rests. Let a fine thread be attached to the weight 
and passed over a small wheel, as in fig. 19, and let 
the other end of the thread support a weight P. If 
P be the least weight which will cause the body to 
move along the plane P is the measure of the friction 
between the two surfaces. 

§ 69. Another method of measuring the resist- 
ance due to friction is by elevating the plane A B 

Fig. 20. 




rvr 



till the body begins to slide. 1^ ABC be the angle 
of elevation of the plane at which sliding commences, 
ti:o resistance of friction is equal to that force which, 
acting parallel to the plane, would support the weight 
W^ the plane being perfectly smooth. If F be this 
force F I WH h I I where h and I are the height 

and length of the plane (§ 52, Ex. 11) /. F=: '* W. 

If R be the resistance of the surface it can be 
ehown that R I W \\ b I l, and hence 



jP = 



I 



/*"*"• 
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§ 70. Laws of Friction.— By these means the 
friction between different substances has been deter- 
mined, and the following laws have been experimen- 
tally established : — 

1. The friction is independent of the extent of 
surfaces in contact. 

2. The friction is independent of the velocity 
when there is sliding motion. 

3. The friction varies with the normal pressure, 
when the materials of the surfaces in contact remain 
the same. 

§ 71. Coefficient of Friction. — The ratio of the 
friction to the normal pressure is called the coefficient 
of friction^ and is represented by the Greek letter fi. 
Thus, if F be the force parallel to the surfaces in 
contact, which is just sufficient to produce sliding 

F 

motion, and if R be the normal pressure — = /u, or 

F=fxE. 

By normal pressure is understood the reaction 
of the surface, which we have seen (§ 59) is per- 
pendicular to the surface pressed. Thus, if a weight 
rest on a horizontal surface the normal pressure equals 
the weight, or F = jj, W; but if it rest on an in- 
clined plane, as in fig. 20, i^ = ju i? = /x - W, 

V 

It follows from § 69 that the coefficient of friction 
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is the ratio between the height and the base of the 
plane on which sliding is about to commence. 

§ 72. Examples. — (1) Find the work done in 
drawing a body of weight TF" up a rough inclined 
plane the height of which is hf and length L 

Let /i be the coefficient of friction. The work 
done against gravity is PTA, since the weight Wis 
moved to a height h. The work done against friction 
13 F I, where F is the resistance due to friction. 

Now, we have seen that F=r jjl -W where b is the 

V 

base of the plane. Therefore work done is /x ft W; 
and total work done equals Wh + jx h PT, or the 
same amount as woidd have been done if TFhad 
been moved along the base of the plane horizontally 
against friction, and then elevated against gravity 
through a height h, 

(2) How much work is done when an engine 
weighing 10 tons moves half a mile on a horizontal 
road, if total resistance is 8 lbs. per ton ? 

The force against which motion takes place is 
80 lbs., and the distance moved through is 2,640 ft. 

.'. work done = 211,200 foot-pounds. 

(3) If a weight of half a ton be lifted up by 
20 men, 20 ft. high, twice in a minute, how much 
work does each man do per hour ? 
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Here the weight lifted is 10 cwt. = 1,120 lbs., 
and the distance^ through which it is raised is 20 ft. 
.', the number of foot-pounds per minute is 44,800, 
and the number of foot-pounds per hour is 2,688,000, 
/. each man does 1,344,000 foot-pounds per hour. 

(4) A heavy body falls down the whole length of 
a rough incline on which the coefficient of friction is 
0*2. The height of the plane is 10 ft. and the base 
30 ft. On reaching the bottom it rolls horizontally on a 
plane, having the same coefficient of friction. Find 
how far it will roll. 

Now, in falling down the plane the body acquires, 
by the action of gravity, the power of doing a certain 
amount of work equivalent to what would be ex- 
pended in raising the body to the top of the plane. 
Work acquired is Wh := 10 TF" foot-pounds, where 
W is the weight of the body. Part of this number 
of units of work is lost by friction ; and work ex- 
pended in overcoming friction is fxb W = 0'2 x 30 
W^= 6 W, Hence the body has acquired 4 TF units 
of work in falling. Now, if s be the distance through 
which the body can move along the horizontal plane 
against friction, the work expended will be /u TFs, 
.-. /Li li^s = 4 TF, or 0-2 x s = 4 or s = 20 ft. 

(5) A heavy body falls down a plane, as in the 
preceding Question, and with the energy acquired 
rolls up another plane in contact with it. Find the 
distance through which it ascends. 
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Let h, b, and fx be the height, base^ nnd coefficient 
of friction on one plane. Let A', h', and /i' be 
the height, base, and coefficient of friction on the 
other. Then if W be the weight of the body, 
W h — p W hva the number of units of work ac- 
quired in felling' the whole length of the first plane. 
Let X be the distance measured horizontally, and 
y the distance measured vertically, from the foot of 
the plane, of the point which the body is enabled to 
reach on the incline. 

Then, W y -^-fi' TFo? is the measure of the work 
expended in reaching this point, the positive sign 

Fig. 21. 




showing that gravitation and friction are opposed 
to the rising of the body. 

.•• Wy + /i' Wx ^Wh^fjL Wb, 

y + fA^x = h--fib, 



or 



*^ f=^-*-^(^' + ''') = *"^*' 



or 



h - fib y 

A' + ,i' 6' • 
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and y = * ~ ^,, ./t^ 

h' + /i- 1/ 

/, Distance required = \/{x^ -f 7j^) = ii-2_ x /', 

where V is the length of the second plane. 



XII. Varieties of Energy — Conservation of Energy, 

§ 73. Definition of Energy. — The energy of a 
body is its power of doing work. Every moving 
body possesses energy, i.e. it is capable of overcoming 
resistance. Instances of bodies possessing energy 
are numberless. The flying bidlet has the power of 
piercing a sheet of iron and of overcoming the cohe- 
sion between its particles ; the running stream is able 
to turn the wheel of the water-mill, and the energy 
it possesses is utilised in grinding corn ; the moving 
air drives the ship through the water and overcomes 
the resistance offered to its passage. Wherever we 
find matter in motion, be it solid, liquid, or gaseous, 
we have a certain amount of energy which can be 
utilised in endless ways. 

§ 74. Kinetic and Potential Energy. — The 
energy of moving matter is called Kinetic Energy : it 
is energy ready for use, — energy that is constantly 
being spent, though it may not be economically em- 
ployed. The rivulet will flow from the highlands to 
the lowlands, whether we give it work to do or not. 
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Now, the energy of a moving oody can be conveniently 
expressed in terms of its rate of motion. Suppose v 
to be the velocity of the moving mass and W its 
weight, and suppose 5 to be the vertical height to 
which W would rise if projected upwards with the 
velocity v, then Ws is the measure of the work 
which W is capable of doing ; and since v^ =s2 g s, 



W8^ 



^g 



Hence, the kinetic energy of a mass M moving with 
a velocity v lA equal to — — — , and this expression 

represents the number of units of work stored up in 
the moving body and available for any purpose to 
which the hand of man can adapt it. 

But matter is not deprived of energy even when 
at rest. We have seen that bodies at rest have a 
tendency to motion, which the removal of a force, or 
the application of a force, can always render actual. 
In the same way there exists in so-called inert matter, 
— in matter that is apparently at rest, a tendency to 
put forth energy, and this energy is called Potential 
Energy. Suppose a weight of 1 lb. be projected ver- 
tically upwards with a velocity of 32*2 ft. per second. 
The energy imparted to the body will have carried 
it to a height of 16'1 ft., and the body will then cease 
to have any velocity. The whole of its kinetic 
energy will have been expended ; but the body will 
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have acquired, instead, a new position, a vantage- 
ground ; and if free to fall from this position it will 
obtain a velocity of 32*2 ft. per second, and thus re- 
acquire the energy which it originally received. 
Now, we may suppose the weight to be lodged for 
any length of time at an elevation of 16*1 ft. from its 
point of projection, and during this time its energy 
will be latent or potential — stored up and ready to 
be freed, whenever it shall be permitted to fall. It 
is evident that the matter of which this earth is com- 
posed is always endeavouring to find a lower level 
than it possesses ; and this tendency is the source of 
its potential energy. The energy, which in bygone 
3'ears has been expended in raising walls and towers 
on the tops of hills and elsewhere, still survives, 
and when the stones of which they are composed 
shall fall from their places, there will be expended 
in the fall the same amount of energy as was em- 
ployed in raising them. In the boulder embedded 
in the sea-shore we have evidence of kinetic energy 
that has been spent ; in the overhanging crag we see 
a mass endowed with the energy of position, which 
at any moment may be changed into an active and 
destructive force. Nature, by her own processes, is 
continually modifying the relative position of the 
matter of which this earth is formed, and in every 
change there is a re adjustment of energy, but neither 
loss nor gain. 
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§ 75. Conversion of Heat into Mechanical 
Energy. — Our chief sources of heat are the sun and 
the combustion of fiiel. The sun's heat is being 
constantly changed into miechanical energy. The 
wind that turns the sails of the mill and drives the 
ship through the sea receives its motive power from 
the sun's heat. The mechanical energy of a run- 
ning stream has been derived irom the same source. 
The clouds that settle on the ridges of the hills and 
on the mountain-peaks have been raised by the force 
of the sun's heat from the waters of the sea ; and 
the falling rain feeds the streams and rivulets which, 
after having done some useful work, find their way 
back to the sea. The havoc which so often follows 
the glacier in its fall is caused by the release of the 
sun's energy stored up in the ice. 

When wood or coal is burned the heat evolved 
can be made to perform work. The steam-engine is 
the most important instrument for converting heat 
into mechanical energy. A portion of the energy 
thus formed is employed in overcoming certain re- 
sistances incidental to the working of the machine ; 
the remainder may be spent directly in work, as in 
raising heavy loads by the steam-crane, or in giving 
motion to other bodies, as in the ordinary locomotive, 
in either case the heat is idtimately transmuted into 
work. 
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§ 76. Conversion of Mechanical Energy into 
Heat. — ^In discussing Newton's third law of motion 
we showed that when one inelastic body impinges on 
another, the momentum lost by one body is gained 
by the other, and that if they are moving in the 
same direction, the momentum of both, after impact, 
is the same as that of the two separately before im- 
pact. Moreover, when two inelastic bodies, each 
having the same momentum and moving towards 
each other, impinge, the momentum of the one de- 
stroys that of the other, and they come to rest. In 
both these cases, by employing the algebraical con- 
ventions of sign^ to distinguish velocity in one direc- 
tion from velocity in the opposite direction, we may 
say that the momentum is the same, before and 
after impact. But not so the kinetic energy. If 
we suppose two bodies the masses of which are 10 lbs. 
and 4 lbs. to be moving in the same direction, with 
velocities of 8 ft. and 15ft. respectively, their kinetic 

, . . ^ . 10 X 8'^ M X 152 

energy before impact is — = 24 ^^ ; 

A X oJd 

while that after impact is "j x 10^ = 211^ (where 

10 is their common velocity after impact, § 61). 
Thus there is an apparent loss of kinetic energy. 
If the two bodies are moving in opposite directions, 
or if an inelastic body in motion strike a similar 
body at rest, there will be a still greater loss of 
kinetic energy. In all these cases, however, the 



ENBRGT. 115 

energy that is lost by impact reappears in the heat 
generated by the blow ; and hence, by widening the 
signification of Newton's law, so as to embrace any 
form of energy, the truth of the law is maintained. 

We have seen, that when one body moves on the 
sur&ce of another body a resistance is offered to the 
motion, which is due to friction. If a body be pro- 
jected along a rough road with a certain velocity, it 
will after a time come to rest, and the kinetic energy 
of the body will have been destroyed by friction. 
Now, in this case, a corresponding amount of heat 
will have been produced, exactly equivalent to the 
energy destroyed. One of the earliest ways of ob- 
taining heat was by rubbing sticks together, in other 
words by evolving it from mechanical energy. "We 
have seen that in a locomotive -engine heat is changed 
into kinetic energy ; but the heat employed must be 
in excess of the kinetic energy required, as a large 
amoimt of friction has to be overcome, and this fric- 
tion reproduces heat. Hence, part of the heat- 
energy, evolved from the coals, afber having been 
tenaformed into mechanical energy, reappears in the 
increased temperature of the rails, axles, and other 
parts of the machinery. If the speed of the engine 
remain imiform, the heat of the furnace is wholly 
employed in overcoming these resistances, and is 
spread over the rails and machinery; and if the 
steam be tamed off and brakes applied, the kinetic 

I 2 
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energy of the engine is gradually converted into heat, 
and the locomotive stops. Whenever a body is 
brought to rest by moving over a rough surface, by 
passing through water or air, or by striking against 
another body, the energy of the moving body is not 
destroyed, but is converted into a new form of energy, 
equal in amount to that which is apparently lost. 

§ 76 (a). Dissipation of Energy. — In order that 
heat may be converted into mechanical energy, it is 
necessary that it should pass from a body of high 
temperature to one of low. This occurs in every 
heat-engine, which consists essentially of two 
chambers, * one of high, and the other of low tem- 
perature,' and which performs work * in the process 
of carrying heat from the chamber of high to that of 
low temperature.' ^ In the fall of temperature, as in 
the fall of water from a higher to a lower level, work 
is done, and a^ certain amount of available energy is 
lost. On the other hand, we have seen that when- 
ever a body moves against friction a certain amount 
of heat is generated, as when a brass button is rubbed 
on a piece of dry wood ; but the heat thus generated 
possesses so low a temperature as not to be available 
for the purposes of work. By no process, yet known, 
can this diffused heat be reconverted into mechani- 
cal energy. It thus appears that a large amount of 

^ B. Stewart's Conservation of Energy, 



BNEBaY. 11? 

energy, though not absolutely lost, is always becom- 
ing practically useless, through the conversion of 
heat at a high, into heat at a low temperature. This 
loss of available energy takes place whenever work 
is evolved from fuel and other sources of heat at a 
high temperature ; and, in the absence of all know- 
ledge with respect to the means by which the sun's 
heat may be renewed, a theory of the Dissipation of 
Energy has been arrived at, which asserts that * the 
mechanical energy of the universe will be more and 
more transformed into universally diffused heat, 
imtil the universe will be no longer a fit abode for 
living beings.* * 

§ 77. Selatioii between Work and Heat.— A 

number of experiments have been made to show 
what amoimt of heat is exactly equivalent to a imit 
of work. The details of these experiments are given 
in treatises on Heat. They serve to prove that the 
quantity of heat necessary to raise the temperature 
of a poimd of water through 1° F. possesses the 
same amount of energy as is required to lift 772 lbs. 
through one foot. In other words, the energy of a 
imit of heat is equivalent to 772 units of work. In 
comparing work with heat, the kilogramme-metre 
and degree Centigrade are generally taken as stand- 
ards. In this case the imit of heat is the heat re- 

* B. Ste"irart'8 Conservation of Energy, 



1 1 8 DYNAMICS — FORCE. 

quired to raise a kilogramme of water through 1° C, 
and the unit of work is the energy necessary to lift 
a kilogramme through a metre of height. The rela- 
tion that subsists between these quantities is given 
in the statement : That a unit of heat can generate 
424 units of work, and in the destruction of 424 
units of work one imit of heat is produced. 

§ 78. Conservation of Energy. — The foregoing 
are a few instances of a vast number of facts, which 
have been generalised of late years into a funda- 
mental law of physical science. This law, known as 
that of the Conservation of Energy, embraces the 
following propositions : — 

(1) The sum-total of energy in the universe 
remains the same. 

(2) The various forms of energy may be con- 
verted the one into the other. 

(3) No energy is ever lost. 

§ 79. (1) These three propositions are intimately 
connected with one another. To understand the 
first of them, we must suppose the imiverse.to have 
been originally endowed with certain energies, the 
sum-total of which is always, in quantity, the same. 
We have seen that various kinds of forces exist. 
The most important of these is Gravitation, with 
which matter in all its forms is universally endowed. 
It acts between bodies in mass and between the 
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molecules of bodies. Other mechanical forces are 
Cohesion, which holds the particles of a body to- 
gether, and Elasticity, which is exhibited in a watch- 
spring, and which causes the particles of a body 
to resume their original position after having under- 
gone displacement. We have spoken of Heat as a 
force, and have shown the relation between mecha- 
nical and thermal energy. The remaining forces of 
Nature are less capable of being brought within the 
range of mechanical principles. These comprise 
Chemical-affinity, which unites the elements that 
constitute a molecule or particle, Light, Electricity, 
and Magnetism. With respect to these forces, we 
can do no more than indicate the names by which 
they are known. What the law of conservation 
asserts is, that the sum-total of energy due to all 
these forces always has remained and always will 
remain the same. If the energy due to any one 
force be diminished in quantity there must be a cor- 
respunding increase in some other variety of energy. 
It will be seen that this law of the totality of phy- 
sical energy necessarily involves the second of the 
three propositions above stated. 

§ 80. (2j Transmutation of Energy. — Facts 
have already been mentioned that illustrate this law. 
The most general form of energy is what has been 
called * visible energy/ i.e. matter in motion. This 
can easily be converted into latent energy or energy 
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of position. These two states are exemplified in 
the oscillation of a pendulum. When the pendulum 
reaches its lowest point it possesses a certain amount 
of kinetic energy, which is sufficient to raise it 
through a certain arc on the other side, and when it 
reaches its highest point it acquires an equivalent 
amount of latent energy, which being set free, is re- 
converted into energy of motion. This transmutation 
of kinetic into latent energy, and of latent into 
kinetic energy, might go on for ever, if the friction 
of the pivot and the resistance of the air did not 
gradually retard the motion of the pendulum. A 
certain amount of energy thus disappears, and we 
have found that the energy of motion that is lost is 
really converted into heat. The pivot and the air 
become heated by the motion. Kinetic energy, 
though it may endure for any limited period of time, 
must ultimately waste away into heat ; and all 
moving bodies, in so far as they move against fric- 
tion or through a resisting medium, will eventually 
come to rest. Perpetual motion, in the sense in 
which it is generally understood, is thus demon- 
strated to be impossible. Since, however, heat is 
shown to be a form of motion, it would appear that 
the motion of masses is perpetually changing into the 
motion of molecules. 

The connection between heat and motion is 
better understood than the relation between other 
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forms of energy; but the researches of modern 
science are continually showing us how other varie- 
ties of energy are capable of being transmuted and 
reproduced under new forms. * The exact nature of 
the various kinds of molecular energy, such as heat, 
light, electricity, magnetism, and chemical affinity, 
is not at present known, but we run little risk of 
error in affirming that they all consist either of pecu- 
liar kinds of molecular motions, or of peculiar 
arrangements of molecules as regards relative position. 
They must, therefore, fall under one or other of the 
two heads, " Energy of Position " and " Energy of 
Motion." ' 1 

§ 81. (3) The Indestructibility of Energy.— 
Our law asserts that energy is never lost. It may 
become latent and remain so for centuries ; but it is 
permanent. The great source of energy in this 
universe is the sun. Streams of energy are con- 
tinually flowing from the sun to the earth, and this 
energy is made to do all kinds of useful work. It 
gives to the waters of our seas an energy of position, 
by converting them into vapour and raising them to 
the hill-tops. It supplies the vegetable world with 
the power of absorbing carbon from the air, and the 
carbon thus fixed in the plant is gradually converted 
into wood, which may be immediately employed as 
fuel, or may reappear as coal after having been 

* Deschancl's Natural Philosophy^ translated by Everett. 
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buried in the eaxth for thousands of years. In 
either case the sun's energy, stored up in the fuel, is 
eventually set free to be converted into work. The 
vegetable products of the earth supply food to 
animals, and these again supply food to man ; and 
thus the enerpry of animal agents is ultimately deriv- 
able from the sun. Our scientific knowledge may 
be too limited to enable us, in all cases, to trace the 
course of energy through its various transmutations ; 
but every new observation that is made brings with 
it additional evidence tending to verify the law that 
energy is never lost. 

§ 81(a). — ^Relation between Force, Momentnm, 

and Energy. From what has gone before, it appears 
that a body can only be brought to rest by the action 
of a force or resistance in a direction opposite to its 
motion. K we wish to estimate the amount of force 
that must be expended in order to reduce the body 
to rest, we may proceed in two ways, according as 
we wish to consider the time of motion, or the space 
traversed against the resistance. In the former case 
the force may be measured by the momentum of the 
body, in the latter by the energy. We have seen that 
where P is a force, which acting on M units of mass 
for one second gives it a velocity/, P-=.M f\ and, if 
the moving body has a velocity r, which will cause it 

to move for t seconds against P, then P = — , or P < 
= M V. Similarly, if we wish to consider the space «, 
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through which the body will move in virtue of its 
velocity r, v and s are related by the equation 

v2 = 2/s, and /. P = — — , orPs = — — — Hence, 

2i 8 £i 

the product of the force into the time of motion re- 
presents the momentum, and the product of the force 
into the 8]pace traversed the energy of the moving 
body. By letting P, f, and 8 each equal unity in the 

two equations F t=Mv and P s = — — , we see that 

the unit of momentum is that amount of momentum 
which is produced by a unit of force, acting for a 
unit of time, and that the unit of energy is produced 
by a imit of force acting through a unit of space. 

Thus, suppose, as in problem (13) § 52, it is 
required to find the distance up a plane which a body 
will ascend, when the velocity of projection is 40 ft. 
per sec, and the resistance due to friction y^^ the 
weight, the plane rising 1 in 10. 

Here, the energy of the projecting force is 

2 2y 2g ' 

and this energy is destroyed by the work done 
against friction and gravity. Hence — 

W X 1600 W ^^ W ^ 
= - . s + — . s 

2g 10 100 

^.^^^1600 ^J^^ 
'2g 11 
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EXERCISES. 

1. A body is just on the point of sliding on a rough plane 

that rises 3 in a length of 6 ; find the coefficient of 
friction. 

2. What is the tension in a string which, being stretched, is 

just able to move a body weighing 10 ozs. over a rough 
horizontal plane, coefficient of friction being § ? 

3. A rough plane rises 3 in 10, and a body weighing 12 ozs. 

is just supported by friction ; find the force of friction. 

4. Find the work expended in pulling a body weighing 3 

cwts. 100 yards up an incline that rises 1 in 10, if the 
force of friction be 10 lbs. per cwt. 

5. A body weighing 12 ozs. is partly supported on a rough 

inclined plane that rises 1 in 2 by the force of friction 
and partly by a force parallel to the plane ; if the plane 
be lowered so as to rise 2 in 5, the force of friction 
alone will support it; find the additional force in the 
former case. 

6. A txaiu weighing 10 tons moves for 20 minutes at a 

uniform rate of 30 miles an hour ; if the friction, &c. 
be 10 lbs. per ton, how much work is done during the 
time 

7. How much work is done per hour if 100 lbs. be raised 3 

ft. in 1 minute ? 

8. If a pit 10 ft. deep and with an area of 4 square fL be 

excavated, and the earth thrown up, how much work 
will have been done, supposing a cubic foot of earth to 
weigh 90 lbs.? 

9. A body weighinsr 40 lbs. is projected along a rough hori- 

lontal plane with a velocity of 150 ft. per sec. ; the 
coefficient of friction is } ; find the work done against 
friction in five seconds. 
10. What amount of energy is acquired by a body weighing 
SO lbs. that falls through the whole length of a rough 
inclined plane, the height of which is SO ft, and the 
buse 100 ft., the coefficient of firictioo biang i? 
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EXAMINATION. 

1. Define a unit of work. 

2. Given the weight and velocity of a moving body, find an 

expression for its kinetic energy. 

3. Distinguish between energy of motion and energy of 

position. 

4. What are the laws of friction ? How may the coefficient 

of friction for different substances be determined ? 
^. A body is projected up a rough inclined plane that rises 

7 to a base of 10 with a velocity of 200 ft. per sec ; 

find its velocity when it returns to the point whence it 

was projected, the coefficient of friction being 0*3 
6. A body weighing 50 lbs. is projected along a rough hori« 
zontal plane with a velocity of 40 yards per sec; 
what amount of work is expended when the body 
comes to rest, and what is the equivalent of heat 
generated ? 

7. A body whose weight is W is moving with a velocity F, 

and afterwards is found to move with a velocity u ; 
give an expression for the energy lost. 

8. Illustrate by the impact of bodies the law of the Con- 

servation of Energy. 

9. "What is the origin of the energy possessed by coal ? When 

coal is consumed by a locomotive-engine, what becomes 
of its energy ? 

10. If .<9' = 9*8 metres, find the equivalent of heat necessary 

to project 60 kilogrammes with a velocity of 490 metres 
per second. 

11. Force may be defined as *any cause which tends to 

change a body's state of rest or of uniform motion in 
a straight line.* Mention any forces you know of, and 
show how this definition applies to them. What is 
inertia? Is \t a force?— MatriciUaiion, 1872. 

12. When a particle which is acted upon by any number of 

forces moves during their action with uniform velocity 
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in a straight line, show what condition the forces must 
fulfil. — Matriculation^ 1872. 
13. How is the energy of a moving body estimated ? Through 
what distance must a force equal to the weight of ^ lb. 
act upon a mass of 48*3 lbs. in order to increase the 
velocity from 24 ft. to 36 ft. per second? — Prelim, 
Sclent Exam.f 1869. 
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CHAPTER VL 

MACHINES. 

XIII. General Remarks — Application of the Law oj 

Energy. 

§ 82. A machine isan instrument by means of 'which 
a force applied at one point is able to exert, at some 
other point, a force differing in direction and intensity. 
The force applied is called the power, the force 
exerted, or effectual resistance overcome, is called the 
weight. The resistance to be overcome may be the 
earth's attraction, as in raising a weight ; the mole- 
cular attractions between the particles of a body, as 
in stamping metal, or dividing wood ; or friction, as 
in drawing a heavy body along a rough road. 

§ 83. Besides the weight, or effectual resistance, 
the power is employed in overcoming the internal 
resistances, chiefly due to friction, which always 
exist between tlie different parts of a machine. The 
power may be just suflScient to overcome these two 
kinds of resistance ; it may be in excess of what is 



128 DYNAMICS — FORCE. 

necessary, or it may be too small. If just sufficient, 
the machine once in motion will remain uniformly 
so, or if it be at rest it will be on the point of 
moving, and the power, weight, and friction will be 
in equilibrium. If the power be in excess, the 
machine will be set in motion and will continue to 
move with an accelerated motion ; if the power be 
too small, it will not be able to move the machine ; 
and if the machine be already in motion, it will 
gradually come to rest. When the power is just 
sufficient to overcome the weight, the ratio of the 
weight to the power is called the modulus of the 
machine. In this case it is evident, £rom the law of 
Conservation of Energy, that the work done by the 
power has its equivalent in the work done against 
the resistance to be overcome and against the friction 
between the parts. This is the general law of 
machines in equilibrium or in imiform motion, and 
may be formulated thus : — Let P be the power em- 
ployed, p the distance through which it moves in a 
given time in its own direction, W the external 
resistance overcome, and w the distance through 
which it is moved in the same time ; let F be the 
force of friction and other internal resistances, / the 
space through which these act ; then work done by 
P equals work done against W and jP, 

or Pp = Ww + Ff. 

This law shows us that whilst P can be made as 
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small as we please by taking p great enough, the 
mechanical advantage of diminishing P is restricted 
by the fact that /increases with p; and consequently 
with the decrease of P there is a corresponding 
increase of the work to be dene against friction. 
Hence, if friction be neglected, there is no practical 
limit to the ratio of P to W; but if the friction 
between the parts be considered, the advantage of 
decreasing P has a limit, since H P p remains the 
same, Ww must decrease as JP/ increases; in other 
words, the work done against friction increases with 
the complexity of the machinery. 

§ 84. In the application of this principle to those 
simple machines generally known as the Mechanical 
Powers^ we shall not take into consideration the 
resistance due to friction, but shall suppose F = 0, 
in which case the law of the machine becomes 

W v 

Pp = Ww, or -— = i-. This equation shows that 

P w 

the ratio of the weight to the power is equal to the 

ratio between the distance through which the power 

moves, and the distance through which the weight is 

moved, in the same time. Or, if we take equal 

distances and imiform motion, we see that what is 

gained in power is lost in time. When W is greater 

than P the machine is said to work at a mechanical 

advantage, when less at a disadvantage; and the 

W 
ratio — when greater than unity, is called the twc- 
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chanical advantage of the machine. Machines are 
frequently employed for enabling a large power to 
move a smaller weight through a greater space than 
the power itself moves. With respect to the force 
applied, such machines work at a mechanical dis- 
advantage ; but, with respect to the space traversed, 
they work at an advantage. The advantage or dis- 
advantage of a machine depends, therefore, on the 
object to be gained. The steam-engine and the 
watch are both machines in which the power ex- 
pended exceeds the resistance to be overcome, but 
the equation of work holds good. 

When a machine is in uniform motion Pp = Wwy 
or jP^—TTm; = ; i.e. the algebraical sum of the 
works done by all the forces is zero. If the machine 
be in equilibrium the principle of work equally holds 
good. For, if we suppose the machine to undergo a 
small displacement, consistent with the connection of 
its several parts, then, since the forces balance one 
another, the algebraical sum of the works of the 
forces must be zero. In this case, the velocities, 
being imaginary, are called virtual', and the princi- 
ple is known as the principle of virtual velocities^ and 
may be enunciated thus : If any machine is in equi- 
librium under the action of forces, and we suppose it 
subjected to any small displacement, consistent with 
the connection of its parts, the algebraical sum of 
the works done by all the forces is zero ; and, con- 
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versely, if the sum be zero, the forces are in equi- 
librium. 

§ 85. Simple Machines. — The simple machines, 
sometimes called the Mechanical Powers, may be 
considered under three heads, according as they 
involve : 

I. A solid body moveable about a fixed point. 
II. A flexible string. 
III. A hard inclined sur&ce. 

Under the first head are comprised (1) the lever and 
(2) the wheel and axle ; under the second head (3), 
the various kinds of pulleys ; under the third head 
(4), the inclined plane (5), the wedge, and (6) t^e 
screw. 



XIV. Lever. — WlieeUand-Axle, 

§ 86. The Lever. — ^A rigid rod turning on a 
fixed point is called a lever. The fixed point is 
called the fulcrum, 2Jidi those parts of the rod on 
either side of the fulcrum are called the arms. 

Let A BhQB, lever turning freely about C, the 

fulcrum, and let P be the force applied at A, and W 

the force exerted, or resistance overcome, or weight 

raised at B. Suppose the lever turned through the 

K 2 
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angle A C A', then the work done by P equals 
P X arc A A'y and work done by W equals 



Fig. 22. 




fw 



TT X arc B B'j if P and W act perpendicularly to 
the arm, Therefore, by the law of energy, 
P xAA'=z WxBB' 

and since d4!!=d£ we have P x J. (7 = PP x J5 C, 



or 



BB' BC 

P X its arm = TF X its arm. 



This is the general principle of the lever, when 
the bar is a straight rod and the forces are per- 
pendicular to it. 



§ 87. Three kinds of Levers. — Levers are of 
three kinds, according to the position of the fulcrum 
with respect to the power and the weight. 

Where the fulcrum is in the middle the lever is 
of the first kind ; where the weight is in the middle, 
the lever is of the second kind ; where the power is 
in the middle, the lever is of the third kind. 
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In eadb of these three kinds 

F BCf 

In I. there is a mechanical advantage or dis- 
advantage, as J. C is greater or less than B C. 



A 

irp 



m x^ 



Fig. 23. 
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B 
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c 



I 
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In n. A C is necessarily greater than B C, and 
there is always a mechanical advantage. 

In III. A C ia necessarily less than B Cy and 
there is always a mechanical disadvantage. 

Besides the forces P and TT, there is the reaction 
of the fixed point or fulcrum to be considered, which 
is equal to the pressure of the fulcrum on the bar. 

In I. the reaction or pressure is equal to P + W, 
In 11. „ „ „ ^ - P- 

In m. „ „ M P - TF. 



» 
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By means of a lever two forces, however unequal, 
may be made to balance each other, by ao adjusting 
the position of the fulcrum that its perpendicular 
distances from the directions of the forces shall have 
the inverse ratio of the forces. 

§ 88. Ezamplea of Levers. — The crowbar, fig. 
24, is a good example of a lever of the first kind. 
Fio. 24. 
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In figs. 25 and 26 we have examples of the second 
and third orders of lever. The wheelbarrow is a 
lever of the second kind, in which the fulcrum acts 

Fig. 26. 




at the axle of the wheel and the power is applied at 
the handle. A rowing-boat is propelled by a lever 
of the second kind, in which the fulcrum is at the point 
where the oaf enters the water, whilst the weight is 
the resistance of the boat fixed to the oar at the row- 
locks. The treadle of a turning-lathe is an example 
of a lever of the third kind. The best examples of 
this order of levers are seen in the animal frame, in 
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-which readiness of action is obtained at a loss of 
power. 

§ 89. Weight of the Lever.— If the weight of 
the lever be taken into account, we have an additional 
force to consider, which may assist the action of the 
power or give the power more work to do, according 
as it acts on the same side of the itilcrum as the 
power or not. If ^ be the position of the centre of 
gravity of the lever (fig. 22) and w the weight of 
the lever acting at this point, then the equation of 
work becomes 

P X AC-\-w X OG^W xBC 

OTPxAC=WxBC+wxOCy according to 
the position of G with respect to C. 

§ 90. Examples.— (1) A lever is 3 ft. long, and 
its weight is 1 lb., and acts at the middle point. The 
resistance to be overcome at one end is 20 lbs., and 
the force applied at the other end is 3 lbs. ; find the 
position of the fiilcrum. 

Let X be the distance of the fulcrum firom A where 
F acts (fig. 22) ; then 3 — a; is the distance of the 

fulcrum firom 5 where TFacts, and x—- is the dis- 
tance of the fulcrum fi*om G where w acts. 

.\P X x + wxfx- f.^=W X (3-a:) 



MACHINES. 1 37 

/. 3 a? + x-? = 20 (3 - x) = 60 - 20 a: 

/, X ^ 2y\ ft. = the distance of fulcrum from A, 

(2) What force must be applied at the end of a 
lever 20 inches long to raise a weight of 30 lbs. 
slimg at a point 5 inches from the other end, if the 
weight of the lever is 4 lbs. and acts at its middle 
point? 

Here Px ^(7=4 x CG + 30 x CJ? 
or 20 P = 4 X 10 H- 30 X 5 

/. P = H lbs. 

The various kinds of balances are examples of 
levers; but these will be treated later on, imder 
the head of Moments^ when the principle of levers 
will be further considered. 

EXERCISES. 

1. A lever is 18 ins. long; where must the Mcrum be 

placed in order that a weight of 6 lbs. at one end may 
balance doable its weight at the ether end ? 

2. What force must be applied at one end of a lever 12 ins. 

long to raise a weight of 30 lbs. hanging 4 ins. from 
the fulcrum which is at the other end, and what is the 
pressure on the fulcrum ? 

3. Two weights of 6 lbs. and 8 lbs. are hung from the ends 

of a lever 7 ft. long ; where must the fulcrum be placed 
80 that they may balance ? 

4. A weight of 10 ozs. at the end of a lever is raised by a 

force which is just greater than 36 ozs., and which 
acts 6 ins. from the fulcrum which is at the other end ; 
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what is the length of the lever and the pressure on the 
fulcrum ? 

6. A lever weighs 3 ozs., and its weight acts at its middle 
point; the ratio of its arms is 1 : t3. If a weight of 
48 ozs. be hung from the end of the shorter arm, what 
weight must be suspended from the other end to pre • 
vent motion ? 

6. A lever 10 ins. long, the Veight of which is 4 ozs., and 

acts at its middle point, balances about a certain point 
when a weight of 6 ozs. is hung from one end ; find 
the point. 

7. A heavy lever weighing 8 ozs. balances at a point 3 ins. 

from one end and 9 ins. from the other. Will it 
continue to balance about that point if equr.l vi eights 
be suspended from the extremities ? 

8. A beam the length of which is 12 ft. balances at a 

point 2 ft. from one end ; but if a weight of 100 lbs. 
be hung from the other end, it balances at a point 2 ft. 
from that end ; find the weight of the beam. 

9. A beam the length of which is 8 ft. balances at a point 

2 ft. from one end. If to this end a weight of 40 lbs. 
be hung, find the least force applied at the other end 
that will support this weight. 

10. A heavy beam 16 ft. long, and weighing 4 lbs., balances 
by itself about a point 4 ft. from one end. If a weight 
of 10 lbs. be hung 2 ft from this end, find the weight 
that must be hung from the other extremity that the 
beam may balance about its middle point. * 



§ 91. Wheel-and'Axle. — The wheel-and-axle 
is a modification of the lever. It consists of two 
cylinders having a common axis, the larger of which 
is called the wheel and the smaller the axle. The 
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axis common to both is horizontal. A weight W 
hangs at the end of a string fastened to the axle and 
is coiled round it by the revolution of the wheel. The 

Fig. 27. 




wheel may be moved by the hand or by a string with 
a weight attached to it. 

Viewed in section we have the power P acting 



Fig. 28. 




^w 



at the end of the radius of the large wheel at A, and 
the weight W at the end of the radius of the smaller 
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wheel or axle. As P descends W ascends ; and if 
the wheel move through an arc A A'j so that A' 
comes to A,B' will in the same time reach B, Then 
the work done by P is P x A A', and the work done 
hy W i^ W X B B' .\ P X A A' = W X B B', 
where P is just sufficient to overcome W^ 

W _AA' _AC 
P BB BC 

. W radius of wheel circumference of wheel 
P radius of axle circumference of axle * 

§ 92. Examples of the wheel and axle are very 
numerous. One of the commonest is the windlass, 

Fig. 29. 



or 




in which power is applied at the end of a handle. 
In the capstan (fig. 30.) the axle is vertical, and the 
mechanical advantage is increased by the length of the 
pole inserted into the circumference. The various kinds 
of mills are examples of this machine, the weight 
appearing in the form of a resistance to be overcome. 



UAGniN£& 
Fig. 30. 
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§ 93. Toothed Wheels.—Wlieek having teeth 
that fit into one another do the work of levers acting 
continuously. The mechanical principle of these 
wheels is the same as that of the lever or wheel and 
axle. 

A very simple case is what is known as the rack 
and pinion. It consists of a small wheel, with cogs 

Fig. 31. 




as teeth, that is made to work into a vertical bar 
likewise filled with teeth. In this way motion round 
an axis is converted into motion in a straight line. 
The piston of a double-barrelled air-pump is worked 
by such a contrivance. 
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EXERCISES. 

1 . What is the diameter of a wheel if a power of 3 ozs. is 

just able to move a weight 12 ozs. that hangs from 
the axle, the radius of the axle being 2 ins. ? 

2. What is the mechanical advantage of a wheel and axle 

in which the diameter of the axle is 3 ins., and the 
radius of the wheel 12 ins. ? 

3. Is the mechanical advantage of wheel and axle increased 

or diminished by lessening the radii of wheel and 
axle by the same amount ? 

4. If a weight of 20 ozs. be supported on wheel and axle by 

a force of 4 ozs., and the radius of the axle is | in., 
find radius of wheel. 

5. A capstan is worked by a man pushing at the end of a 

pole. He exerts a force of 50 lbs., and walks 10 fb. 
round for every 2 fb. of rope pulled in. What is the 
resistance overcome ? 

6. A man whose weight is 140 lbs. is just able to support 

a weight that hangs over an axle of 6 ins. radius, by 
hanging to the rope that passes over the corresponding 
wheel, the diameter of which is 4 ft. ; find the weight 
supported. 

7. If the radii of wheel and axle be as 10 is to 4, and 

weights of 3 ozs. and 8 ozs. hang from them, which 
will descend ? 

8. If the dijfference between the diameter of a wheel and 

the diameter of the axle be six times the radius of the 
axle, find the greatest weight that can be sustained 
by a force of 60 lbs. 

9. If the radius of the wheel be n times as great as that of 

the axle, and t be the maj^imum tension of the string 
on the wheel, find the greatest weight that can be 
raised. 
10. If the radius of the wheel is three times that of the axle, 
and the string round the wheel can support a weight cf 
40 lbs. only, find the greatest weight that can be lifted. 
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XV. TheJPulley. 

§ 94. The pulley consists of a circular plate or 
disc, the circumference of which is generally grooved 
to receive a cord which passes over it. The pulley 
is made to revolve freely about an axis, fixed into a 

Fig. 32. 





framework called the block. When the axis of the 

pulley is fixed the pulley is called a Jixed pulley ; 

but where it can ascend or descend it is called a 
moveable pulley. 



§ 95. Fixed Pulley. — The fixed pulley can only 
change the direction of a force. Wherever it is re- 
quired to change a pushing into a pulling force the 
fixed pulley can be advantageously employed. It 
works, however, without any mechanical advantage. 
The mechanical principle involved in all calculations 
with respect to the pulley is the constancy of the 
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force of tension in all parts of the same string (§ 60). 
It should be observed that in the pulley, as in all the 
mechanical powers, advantage is taken of the forces 
that are latent in the molecular structure of beams, 
cords, &c. Thus, the pulley requires to be attached 
to a beam, and this beam must be strong enough to 



Fig. 33. 
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support the force exerted by the weight and the 
power employed to raise it. In the pulley the string 
is supposed to be perfectly flexible, and the friction 
is neglected. 

§ 96. The Single Moveable Pulley.— A cord is 
fixed to a beam at A and passes over the moveable 
pulley B D. The other end of the cord may be at 
once supported, or may pass over a fixed pulley C, 
and bear the weight P. Now, if the machine be in 
motion it is clear that for every inch W rises P will 
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descend two inches, and consequently the equation 

W 
of work gives us pr=2PorP = — The same 

result may be arrived at by supposing the machine 
at rest and P supporting W, In this case, since the 

Fig. 34. 
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tension in the same string is always the same, and 
the weight W is supported by the two strings A By 
D C, in each of which the tension is P, we have 

Tr=r2PorE^=2. 

The mechanical advantage with a single move- 
able pulley equals 2. 

The single moveable pulley may be used with 
other combinations. Thus, if A and B (fig. 35) be 
two fixed pulleys separated by an interval equal to the 
diameter of either, and if C be a pulley of twice the 
diameter of A or B, and if one end of the cord be 
fixed to C whilst the other, after passing over the three 

L 



riNAMICS — JOBCS. 



pulleys, supports a weight p, then, whether the 
machine be in tmitonn motion or at rest, IF = 3 P. 



W^ 



r:^ 



If a man be saspended frnm a moveable pulley 
and support himself by holding on to the other end 
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of the string) his real weight is diminished by the 
force with which he pulls, so that i£ Whe his actual 
weight, his pressure on the pulley to which he is 
attached is TF — P, and since this weight is divided 
between the two strings supporting the weight, 
Tr-P = 2PorTr=3P. That is, he pulls with 
a force equal to one-third of his weight. 

§ 97. CombinationB. First Bysteni, in which 
each Pulley hangg by a separate string. — Each 
string has one end attached to a fixed point in the 

Fig. 37. 
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beam, and all, except the first, have the oliher end 
attached to a moveable pidley. The diagram explains 
the arrangement. 

It is dear that if the lowest pulley to which W 

l2 
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is attached ascend 1 inch, the next pulley rises 2 
inches, the next 4 inches, and P descends 8 inches. 
Thus, with three moveable pulleys the equation of 
work gives us TF = 8 P = 2* P. If there be n 

moveable pulleys TF=2 Por-— = 2 . 

Applying the principle of tension, we see that 
the tension in the first string is P throughout, in the 
string immediately beneath this it is 2 P through- 
out, in the next 4 P, and the double tension of 4 P 
supports W, In other words, TF= 8P. 

The pressure on the beam in this case is TF + P 
= 9 P, and if the cord when it leaves the highest 
pulley be at once supported by P without passing 
over a fixed pulley, we see that the weight W is 
jointly supported by the beam and the power ; and 
the more the strength of the beam is utilised the less 
is the magnitude of P. 

§ 98. We will now consider what alterations 
must be made if the weights of the moveable pulleys 
be taken into account. 

Let w^ be the weight of the lowest pulley. 
Let w^ „ „ next „ and 

so on. 

Then TF+ w'l is the weight supported by the 
lowest cord, and the tension in each part of it is 

— ^ — -. Similarly the tension in each part of the 
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cord immediatelj above it is - ( '^ ^^ + W2^ 

= -7- + -J- + -~. The tension in each part of the 
string above that is 

Now, the last tension equals P. If therefore we have 
three moveable pulleys, the weights of which are 
wj, W2, W3, 

23 ^ 23 ^ 22 "^ "2 • 



Example. — With three moveable pulleys, ar- 
ranged as above, each of which weighs 8 ozs., what 
weight can be supported by a force of 1 lb.? 

Here P = E+ 5 + !£ + !? = ?^ + 7 

8^84^2 8^ 

••. 16 ozs. = f^ + 7") ozs. 
/. TT = 72 ozs. 

§ 99. Second System, in which the same string 
passes ronnd all the Pulleys.— Suppose there are 
three pulleys in each block, then it is clear that if W 
ascend 1 inch, F descends 6 inches, or W = 6 P. 
Since the tension is the same in every part of the 
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String, and is everywhere eqtial to P, and since we 
hare ^x striogs supporting W, tt is clear, suppoaing 
all the strings to be parallel, that W=G1'. 

If we have n pulleys in both blocks and kj is the 
weight of the lower block, W + ui = fij'. The 





pressure on the beam is W + P + weights of both 
blocks. This ^stem is most commonly employed 
on account of its superior portability. The BeTeral 
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pulleys are generally mounted on a common axis and 
enclosed in a single block, as shown in fig. 39. 

§ 100. Third System, in which each string is 
attached to the weight. — In this system one end of 
each string is attached to the bar from which the 

Fio. 40. 
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weight hangs, and the other supports a pulley. The 
power P acts at the unattached end of the string A D, 
The weight W is supported by the tensions in the 
three strings AD^BE^ and C F. 
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These tensions are respectively equal to P, 2 P, 
and4P/. W==F + 2P + 4P = 7P. If there 
be n pulleys 

W=^F + 2P + 2»P + 2»P +....+ 2»^ip, 
the sum of which series is shown, in books on algebra, 
to be equal to (2» - 1)P, /. E^= 2» - 1. 

If the weights of the pulleys be considered, we have 
tension in the string J. J) = P 

„ „ „ CF — 4:P-^2wi+W2 

and the sum of all these tensions equals W 

In this system the weights of the moveable pulleys 
assist P ; in the two former systems they act against 
it. 

EXERCISES. 

1. A man weighing 140 lbs. forces np a weight of 80 lbs. 

by means of a fixed pulley under which he stands; 
find bis pressure on the fioor. 

2. Find the power which will support a weight of 600 lb*s., 

with three moveable pulleys arranged as in the first 
system. 

3. What force is necessary to raise a weight of 120 lbs. by 

an arrangement of six pulleys in which the same string 
passes round each pulley ? 

4. If, in the preceding problem, the weight of the block be 

6 lbs., what additional force will be required? 
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moreable pullers &nanged u in the annexed diagmn. 

6. If tJiree moreable puIlejB, the weighu of which are 2 oh., 

4 0Z8., and 8 OEa., he arranged aa in the first Bystran, 
what is the least force that will raise a, weight of 
104 Ibe. 7 

7. If there he equilibrinm between P and W with three 

poUeje in tiiat syaCeiD in which each atrlng is attached 
to the weight, iriiat additional weight can be laiied if 
2 lbs. be added to P7 

8. A man weighing ISO Iba. raises a weight of t cwt. b; a 

ijstem of four moveable pulleje arcanged according to 

theflrat Brystein; what is hispreeanre on the ground? 

0. What would be the difference in hie pressure if each 

pulley weighed 4 on. ? 
10. Find the power necessary to sustain a w^ght of J 00 lbs. 
with three moveable puUejE ananged according to the 
thijd Bjstem, the weights of the pulleys being 8 on., 
6 oza., and 4 ots. respectively. 
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XVI. The Inclined Plane — Wedge — Screw. 

§ 101. By means of an inclined plane, a body 
can be raised to a certain height by the application 
of a power less than the weight of the body. All 
roads that are not level may be regarded as inclined 
planes. 

If ^ ^ C be an inclined plane, then AB\'& called 
the length of the plane, B C the base of the plane, 
and A C the height of the plane. 

§ 102. TTniform motion on an Inclined Plane 
by application of a force parallel to the Plane. — 

This case has already been partly considered. If a 

Fig. 42. 




body the weight of which is W move from B io A 
by the continued action of a force P, then the work 
done by P is P X -4 5, and the work done by W 
against gravity, i,e, in the direction ^ (7, is TF x AC^ 
since W has been raised through A C ; 

.-. P X ^5=TFx ^C,or^ = i. 

Jr h 
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§ 103. TTniform motion on Inclined Plane by 



Fig. 43. 




application of horizontal or pushing force. — If the 
force P act in the direction B C, the work done by 
P is P X 5 (7, 

.\PxBC^WxAC,ov^^^ = \. 

F A U li 

If a weight W be just supported by two forces 
one of which P is parallel to the length and the other 
Q acts in a direction parallel to the base of the plane, 

then since P alone can support a weight equal to - P,, 

h 

and Q alone a weight equal to ~ Q ; if TF' be the 

h 

weight supported by both, 

h It 

or Wh z=Fl+ Qh. 



§ 104. Example. — Two inclined planes of dif- 
ferent lengths, but having a common height, are 
placed back to back, and two weights P and Q, con- 
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nected by a string that passes over a pulley at their 
summit, are moving uniformly on them ; if I and f 
be the lengths of the planes find the ratio of P to Q, 

If the weights are moving uniformly, it is clear 
that the tension in the string must equal the force 
just sufficient to support either. Call T the tensior^ 

of the string, then T = ^ P = | Q 
or P ; Q /. I : V. 



The Wedge. 

§ 105. The Wedge is a double inclined plane, 
moveable instead of fixed, as in the cases considered, 
and used for separating bodies. The force is applied 
in a direction perpendicular to the height of the 
plane, Le. parallel to the base, and the resistance to 
be overcome consists of the molecular attractions of 
the particles of the body which are being separated. 
This resistance acts in a direction at right angles to 
the inclined surface of the wedge, or length of the 
plane. The line AB ia called the back of the 
wedge. 

Suppose the wedge has been driven into the 
material a distance equal to D C by a force P acting 
in the direction Z)C, then it is clear that the work 
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done by P is P x DC. Draw DS, D F perpen- 
dictilar to ^ C,BC. Then, since the points E and 
F were originaUj together, the work done against 
the resistance RiaRxDE + R x DF=2 R x 
D E. Hence the equation of work gives 



PxDC = Ry. 2-D£.-.-^! 



DC 
^DE' 



j by similarity of triangles 



_ AC _AC_ length of 
'i.AD Al 



back of the wedge 




This Ethowa that as the size of the back of the 
wedge is lessened the mechanical advantage of the 
wedge is increased. Knives, choppers, chisels and 
many other implements are examples of the wedge. 

§ 106. In the action of the wedge a great part 
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of the energy of the power is employed in cleaving 
the material into which it is driven. The force 
required to effect this is so great that instead of ap- 
plying a continuous pushing force perpendicular to 
the back, a series of blows is generally imparted to 
it. In this way a large amount of energy is directed 
for an indefinitely short period of time against the 
molecular attractions of the body. When the resist- 
ance to be overcome is very great a series of impul- 
sive forces is more effectual than a continuous 
moving force. A certain amount of energy is stored 
up in a descending hammer which is at once set £ree 
when the blow is given. 

The Screw, 

§ 107. The Screw is a machine which is some- 
times employed to overcome resistance and sometimes 
to multiply pressure. It consists of a cylinder with 
a uniform projecting thread traced roimd its surface 
and inclined at a constant angle to lines parallel to 
the axis of the cylinder. The thread of the screw 
may be formed by wrapping an inclined plane round 
the cylinder, the base of the plane corresponding 
with the circumference of the cylinder, and the height 
of the plane with the distance between the thread. The 
threads are of different shapes : they may be square 
or triangular. The power is usually transmitted by 
connecting the screw with a concave cylinder, called 



HACHINES. 



159 



the nut, having a spiral cavity on its surface, corre- 
sponding to the spiral projections. 



Fig. 45. 






The power is almost always applied at the end 
of a lever fixed to the centre of the cylinder; but 

Fig. 46. 




we may suppose it to act at the surface of the cylinder 
and in the direction of the tangent at any point. It 
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is evident that a screw never requires any pressure 
in the direction of its axis. The cylinder must be 
made to revolve only ; and this can be effected by a 
force acting at right angles to the extremities of 
its diameter, or of its diameter produced. 

If the power P acts at A at right angles to ^ ^^ 
and the cylinder perform one revolution, the power 

Fig. 47. 




P will have acted through a distance equal to the 
circumference of the circle, of which AB\& the dia- 
meter ; and the work done by P will be P x circum- 
ference of circle described by AB, During the 
same time, the screw will have moved in the direction 
of its axis through a distance equal to the distance 
between two threads of the screw, and this is the 
direction in which the resistance is encountered. 
Hence the work done against the resistance W is 
W X distance between the threads. 

If C be the circumference described by the 
extremity of P^b arm and d be the distance between 
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two adjoining threads, and ifP and "FTbe respectively 
the force applied and the pressure produced, 

Px (7= TFx d,or^=^. 

P d 



EXEEdSES. 

1. What weight can be supported on a plane by a horizontal 

foice of 10 OSES., if the ratio of height to the base is } ? 

2. With a force of 3 ozs. acting parallel to the plane, what 

weight can be supported on a plane that rises 2 in 7 ? 

3. A plane rises 3 in 8 ; what force parallel to it is required 

just to move a weight of 10 ozs. ? 

A plane rises 2 in 7 ; what force parallel to it is required 
just to move a weight of 12 ozs. ? 

A plane rises 5 in 9 ; what force parallel to it is required 
just to move a weight of 16 ozs. ? 

A plane rises 1} in 12^ ; what force parallel to it is re- 
quired just to move a weight of 20 ozs. ? 

4. Find the inclination of the plane if a horizontal force of 

5 ozs. can just move a weight of 12 ozs. 
$. The inclination of a plane is 30°, and a weight of 10 ozs. 
is supported on it by a string bearing a weight at its 
extremity, which passes over a smooth pulley at its 
summit ; find the tension in the string. 

6. Find the horizontal force necessary to support a weight 

of 1 lb. on a plane that rises 3 in 5. 

7. The angle of a plane is 45^ ; what weight can be supported 

by a horizontal force of 3 ozs. and a force of 4 ozs. 
parallel to the plane, both acting together ? 

8. Two planes, having the same height, are placed back to 

back, and two weights of 7 ozs. and 10 ozs. connected 
by a string passing over the summit move uniformly 
upon them ; find the ratio of the lengths of the planes. 

9. A body weighing 7 ozs. is supported on a plane that 

u 
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riies 1 in 7 by a force that acts puallel to the plane; if 
3 ozB. be added to the weight, what force will be re- 
quired to support it ? 

10. A heavy body is just able to be pulled up a plane by 

a force parallel to it and equal to | of the weight of 
the body ; find the ratio of the height to the base of 
the plane. 

11. Two weights hang oret a pulley fixed to the summit of 

a smooth inclined plane, on which one weight is sup- 
ported, and for every 3 ins. that the one is made to 
descend the other rises 2 ins. ; find the ratio of the 
weights and the length of the plane^ the height being 
18 ins. 

12. In a screw which has seven threads to the inch, find the 

pressure that can be produced by a force of 6 lbs. 
applied at the circumference, the radius of the cylinder 
being 1 in. 

13. If the circumference of a screw be 10 ins., what force 

must be applied to overcome a resistance of 30 lbs., 
the distance between the threads being ^ in. ? 

14. How many turns must be given to a screw formed upon 

a cylinder whose length is 10 ins., and circumference 
5 ins., that a power of 2 ozs. may overcome a pressure 
of 100 ozs. ? 

15. A screw is made to revolve by a force of 2 lbs. applied 

at the end of a lever 3'd ft long; if the distance 
between the threads be ^ in., what pressure can be 
produced ? 

16. If a power of 1 lb. describe a revolution of 3 ft whilst 

the screw moves through \ in., what pressure will be 
produced ? 

17. The circimiference described by the power is 4 ft., and 

the distance between the threads is ^ in. ; what power 
is required to produce a pressure of 1 ton ? 
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EXAMINATION. 

1. What Is the fiinction of a machine? What is meant bj 

the modulus of a machine ? 

2. Apply the law of energy to the work done by a machine 

against the resistance and against friction. 

3. CMre instances of the three kinds oi levers. Can the 

first order be worked at a mechanical disadvantage ? 

4. Friction has been said to be * not the destroyer but the 

converter of energy.' Explain this statement. 

5. Explain the action of a wedge. Give examples of its 

nse. 

6. In the wheel and axle is there any advantage in having 

the rope that passes round the wheel thicker than that 
which passes roimd the axle ? 

7. The radius of the wheel being three times that of the 

axle, and the string on the wheel being only strong 
enough to support a tension equivalent to 30 lbs., find 
the greatest weight which can be lifted. 

8. If a weight W be supported on an inclined plane by a 

W 
force - parallel to the plane, what is the inclination 

of the plane ? 

9. The ratio of the height of a plane to its length is 2 : 15 ; 

what horizontal force is necessary to support a weight 
of 10 lbs.? 

10. The inclination of a plane is 30^ ; a weight of 80 lb3. 

being placed upon it, a force of 63 lbs. is required to 
pull the weight up the plane ; what is the coefficient 
of friction ? 

11. Two inclined planes, of the same height, one of which 

is 8 ft. long, and the other 5 ft., are placed so as to 
slope in opposite directions and so that their summits 
coincide. A weight of 20 ozs. rests on the shorter 
plane, and is connected by a string passing over a 

M 2 
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poUsy at the common BniDmit (tf the tiro planes with 

& irejgbt resting upon the longCT place; how ereat 

miut this weight be to prevent motion F 

12. Knd the relation between P and (T in a syBtem of pnlloya 

D tJie aoneied diagram, npposing tlie 



weight of each of the moreable pnllcTi to b« to. 

13. Neglecting the weights of the pulleys, what pnesnm 

would a man. vliose weight is 160 lbs., exert on the 
ground in raising a weight of £00 lbs. 1^ means of the 
above combination ? 

14. Describe the screw and point out its relation to the 

inclined plane. 
, IS. What is ihe mechanical advantage of a screw ?— Jlfairt- 

tmlalion, ISSO. 
16. In a aystein of one fixed, and four moveable pulleys, in 
which one end of each stiing is fixed to a beam, find 
the relation between the p-iwer and the weight (neglect- 
ing the wei^ts of the pnlleys), when one of the etiinp 
is nailed to the pulley round which it pnssee. 
What ia the force exerted on the beam to which llie 
strings are attached? — lb., 1860. 
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17* Find the relation between the power and the weight in 
the third system of pulleys (in which each string is 
attached to the weight), when the weights of the 
pulleys are disregarded. Also show what the relation 
would he if the weights of the pulleys were taken into 
account. — Matricfdationj Jan. 1871- 

18. A wheel-and-azle is used to raise a bucket from a well. 

The radius of the wheel is 15 ins., and while it makes 
seven revolutions, the bucket, which weighs 30 lbs., 
rises 5^ ft. Show what is the smallest force that can 
be employed to turn the wheel. Upon what general 
principle is your answer founded? — lb., Jan. 1872. 

19. Ten weights, each of 20 lbs., are to be lifted to a height 

of 8 ft. from the ground. Show how a system of 
pulleys might be arranged so that, disregarding fric- 
tion and the weight of the pulleys, all the weights 
could be lifted together by exerting a force equal* to. 
one of them. Show that the distance through which 
this force would have to act would be the same as 
when the weights were raised one by one by the same 
power. — lb,, Jan. 1873. 

20. A man sitting upon a board suspended from a single 

moveable pulley pulls downwards at one end of a rope 
which passes under the moveable pulley and over a 
pulley fixed to a beam overhead, the other end of the 
rope being fixed to the same beam. What is the 
smallest proportion of his whole weight with which 
the man must pull in order to raise himself? — Prelim, 
Scientific M.B. Exam., 1869. 

21. With what force would he require to pull upwards, if the 

rope, before coming to his hand, passed under a pulley 
fixed to the ground, as well as round the other two 
pulleys ?— 76., 1869. 

22. In the third system of pulleys, in which each string is 

attached to the weight, each pulley weighs 3^ Ozs. 

Find the weight which will be supported by the pulleys 

alone, when there are five moveable pulleys. — lb., 1872. 
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23. In the third system of pulleys, in which each string'tr 

attached to the weight, show that the power multiplied 
by its descent equals the weight multiplied by its 
ascent, neglecting the weights of the pulleys and all 
friction. — Prelim. Scient. Exam., 1873. 

24. Suppose that we have four weightless pulleys, three 

moveable and one fixed, forming an example of the 
first system, and that the weight is a man weighing 
160 lbs., find what pull the man must exeit on the 
power end of the rope in order to raise himself Uiere- 
by.— i5., 1874. 
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CHAPTER VIL 

THEOKT OF EQUILIBRIUM. 

XVIL General Considerations — Forces in the 
same Straight Line, 

§ 108. Problem of Statics.— The problem of 
statics is to determine the conditions under which seve- 
ral forces acting on a body produce equilibrium. To 
solve this problem, it is often convenient to find the 
single ferce, if one exists, that will produce the same 
effect as the other forces taken together. This 
siiigle force, which can replace several other forces, 
is called the resultant^ and the forces themselves are 
called components. The resultant being determined, 
the problem of statics is solved when the force is 
found which will keep this resultant in equilibrium. 
We shall be occupied, therefore, for some time in 
finding the resultant of forces acting in different 
directions. 
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§ 109. Method of estimatiiig and representing 

Statical Forces. — Forces in statics are supposed to 
be prevented by some kind of resistance j&om pro- 
ducing motion. They are generally measured by 
Hie pressure they are capable of producing as reckoned 
in weight. The knowledge of a force implies the 
knowledge of (1) its point of application, (2) its direc- 
tion, (3) its magnitude. 

All these elements can be represented geometri- 
cally. A straight line can be drawn from any point 
and in any direction ; and if a unit of length repre- 
sent a unit of force, the number of units of length 
in the line will represent the number of units of 
force. Or, two forces F and Q will be represented 
by two lines, ^ ^ and C 2), when P : Q::AB : CD. 
Care should be taken to distinguish the force A B 
from the force B A, since these two forces, though 
equal in magnitude, act in opposite directions. 

§ 110. Forces in the same Straight Line. — ^If 
two forces act upon a body it is clear that in order 
that they should produce no effect they must act (1) 
at the same point, (2) in opposite directions, and (3) 
they must be equal in magnitude. 

K instead of two we have several forces acting at 
a point and in the same straight line, it is evident, 
that for equilibrium the tendency to motion in one 
direction must be counterbalanced by the tendency 
to motion in the opposite direction, or the sum of the 
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ferces in one direction must equal the sum of the 
forces in the opposite direction; i.e, the algebraical 
sum of the forces must vanish. 

If Xj, X2, X3...be the several forces and 21 (JC) 
denote their algebraical sum, then the condition of 
equilibrium is S {X) = 0. 

§ 111. Forces in Equilibrium acting at a 

Point. — Since the resultant is that force which pro- 
duces the same effect as all the other forces taken 
together, it is evident that when the forces produce 
equilibrium their joint effect equals zero, or the 
resultant vanishes. The resultant being determined, 
the conditions of equilibrium are the conditions that 
must hold good in order that this resultant should 
become zero. The solution of the equation i? = O, 
when B is the numerical value of the resultant, will 
always determine the conditions of equilibrium when 
several forces act at a point. 

If any number of forces acting at a point be in 
equilibrium, and one of them be removed, the resul- 
tant of all the rest is equal in magnitude, but oppo- 
site in direction to the removed force ; for, since the 
forces were originally in equilibrium, the removal of 
one force must destroy the equilibrium, since all 
the other forces served to coimteract the effect of 
this one. But the single force which will counteract 
the effect of another force is one equal in magnitude 
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and opposite in direction, and therefore a force equal 
in magnitude to the removed force, but opposite in 
direction, pioduces the same effect as all the remain- 
ing forces, or, the removed force reversed is the 
resultant of the rest. 

§ 112. It will be seen that when forces are in 
equilibrium motion may be produced either by the 
removal of one of the forces or the application of a 
new one. A balloon resting in mid-air will begin to 
rise if some ballast be thrown out, or to sink if gas 
be allowed to escape. A body in motion may be 
acted upon by one force only; but to preserve a 
body in equilibrium two forces at least must co- 
operate. 

§ 113. The resultant of any number of forces 
should be carefully distinguished from the force that 
keeps them in equilibrium; for these two forces 
though equal in magnitude are opposite in directioik 

EXERCISES. 

1. A body rests on a perfectly smooth table, and to one end 

of it is tied a string which is stretched by weights of 
3 ozs., 5 ozs., and 7 ozs. ; and to the other end a string 
that is stretched by weights of 1 oz., 8 ozs., and 2 ozs. ; 
what additional weight is necessary to preserve equili- 
brium? 

2. A string A D 18 suspended at ^ ; at i?, a point in the 

same string, a weight of 3 ozs. is attached, at C a 
weight of 4 ozs., at 2> a weight of 5 ozs.; find the 
tension in each part of the string. 
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3. If a force of 13 lbs. be lepresented by a line of 6^ ins., 

what line would represent a force of 7^ lbs. ? 

4. The diagonal of an oblong is 5 ins., and one of its sides 

is 3 ins. Two forces acting in the same straight line 
are to one another as the sides of the oblong; what 
length of line would represent the force necessary to 
produce equilibrium ? 



XVnL Composition of Forces acting at a Point, but 
not in the same Straight Line, 

§ 114. We will, first, consider the case of two 
forces acting at a point but not in the same straight 
line. 

It has been seen in Lesson 11. that if A, OB 
represent two velocities with which a body tends to 
move, then C, the diagonal of the parallelogram 
formed about A and B, represents the resultant 
velocity, and C is the point which the body would 
reach in the time occupied in passing from to il or 
from to JB. What is true of velocities is true of 
the forces that would produce them, and if A and 
B represent two forces, C represents the force 
equivalent to both, and C the force that would 
keep them in equilibrium. This proposition, known 
as the Parallelogram of Forces, follows at once from 
Newton's second law of motion, and may be enun- 
ciated thus : — 

If two forces acting at a point be represented in 
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magnitude and direction hy the sides of a parallelo* 
graniy the resultant of these two forces will he repre* 
sented in magnitude and direction hy the diagonal of 
the parallelogram passing through this point, 

§ 115. This proposition may be experimentally 
verified by passing a fine tliread over two smooth 
pulleys fixed to a wall, as in the adjoining figure. 
From the ends of the string hang two weights P and 

Fig. 49. 




Q, and to some point in the string a third weight R 
is attached. When these weights are in equilibrium 
it will be found that a parallelogram may be con- 
structed the sides and diagonal of which are pro- 
portional to the three weights. Thus, if P, Q and 
B be in equilibrium at 0, and C be taken to 
represent i?, and Ca, Chhe drawn parallel to 0-B, 
A^ then Oa^ Oh, C will represent P, Q, and R 
respectively. In other words, it will be found that 

Oa: 0C7::P: ^, and 06: 0(7:: Q:^. 
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§ 116. Besnltant of several Forces acting at 
the same point in diflferent directions. — ^Let Pj, 
1^27 ^zj ^^^ ^4 ^6 forces acting at a point 0. 

Let A represent Pi 
OB „ Pa 



„ oc 

„ OD 



yj 



» 



7> 






Then by the foregoing proposition the resultant 
of Pj and Pj is a force represented by a ; and if 




this be combined with C, the new force represented 
by b, will be the resultant of Pj, Pj, and P3. By 
combining this resultant with P4, we obtain c the 
resultant of Pj, Pq, P3 and P4 ; and in the same way 
the resultant of any number offerees may be obtained. 



The above method shows how the resultant of 
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any number of forces may, theoretically, be obtained. 
In actual work, so many mathematical difficulties 
arise that in most cases it will be found convenient 
to employ another method, which will be presently 
considered. 

§ 1 17. Fornmla for fhe Eesnltant of two Forces 
acting at a point. — Let OA^OB represent P and Q, 



Fig. 61. 



n. 




!x^^ 




two forces acting at 0. Complete the parallelogram 
A B C, Then C represents the resultant. 
From C draw CD perpendicular to J. or A 
produced. Then, since A C equals B, AC repre- 
sents Q. By Euclid II. 12 and 13 : 

0C^^0A^ + AC^±20A.AD or 

The upper sign + referring to fig. IL, and the 
lower sign — to fig. I. 

Thus R can be found in terms of P and Q, when- 
ever the value of A D can be expressed in terms of 
A C. This, we shall see, is in many cases possible 
without the aid of trigonometry. 
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§ 118. Special Cases of the General Formula. — 
(1) Let the two forces act at right angles. Then, 

since /I jB ^ is a right angle OC^^OA^ + AC^ 

(2) Let the angle JB ^ be 30°. Then in fig. 
51 XL, the angle CAD = BO'' and AD==AC^ 

(3) Let the angle ^ J. be 45*». Then the 
angle CA i>= 45° and 2I 2) = ^ (7 4o 

or ^« = P2 + Q2 + ^2 P Q. 

In the same way, by reference to fig. 51, L, the 
values of R^ may be found when the angle ^ ^ is 
120°, 135°, or 150°. 

The foregoing results may be arranged and 
remembered in the following form : — 

If the angle between the forces be 

30°, i?2 = P2 + Q2 + V3 . P Q 
if 45°, -^ = P2 + Q2 + ^2 . P Q 
„ 60°, ^« = P2 4- Q2 + P d 

90°, 7?2 == P2 + Q2 

„ 120°, i?* = P« + Q* - P Q 

„ 135°, i?2 = p2 ^ Q2 _ ^2 . PQ 

,, 150°, i22 =: pa + Q2 _ ^3 . p Q. 

It will be seen that the several values of the 



176 



STATICS — BEST. 



resultant lie between two extreme values when the 
angle BOA is 0° and 180°. In these cases 
J? = P + Q and P — Q respectively. Hence ff* 
is always between P^ + Q^ + a/4 . P Q, and 
P^ + Q^ - a/4 . P Q. 

§ 119. Examples. — (1) Single moveable pulley 
with cords inclined. In c(msidering pulleys we 
omitted cases in which the cords are inclined. Let 
C be a single moveable pulley with cords inclined at 
any of the above-mentioned angles. Then it is clear 

Fig. 62. 




that the weight W is equal to the resultant of the 
tensions in the cords (7-4, CB, and these two tensions 
are equal to each other and to the power P. If the 
angle between the threads be 60®, 

W^^^P'^ + P^ + P X P = 3P^ 

W - 
.\ W= ^/3.P or p = ,/3. 

In tlie same way the ratio of TFto P may be 
found when the cords are inclined at other angles. 
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(2) Two equal forces act along C B, B A two 
sides of the equilateral triangle ABC; find their 
resultant. The lines C B, B A are inclined at aa 
angle of 120'*. 

.•. H^ = P^ + Q2 _ p Q^ oj. if each of the forces 
equal P, 

B^ = F^ + P^^ P«, or ^ = P. 

Hence, the resultant of two equal forces inclined 
at an angle of 120^ is equal to either of them. 

The directions in which two or more forces act 
are often indicated by saying that the forces act along 
the sides of a figure the angles of which are known. 
Thus two forces acting along B C, BA act at an 
angle of 60°. 

§ 120. Resultant of three Forces acting at a 
point but not in the same plane. — Let OA, OB, 
C represent P,, P2, P3 acting at O. Then the 

Fig. 63. 




resultant of Pj and P3 is represented by D, the 
diagonal of the parallelogram C D A, and the 

N 
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resultant of this force and P^ is represented by E, 
the diagonal of the parallelogram OBE D, and of 
the parallelopiped of which the three lines OA^OB^ 
G BiQ edges. 

If the three forces act at right angles to one 
^another : 

§ 121. The Resultant is always nearer to the 
jgreater fbrce. — The line (7 is said to be nearer to 

Fig. 64. 




A. 

O A than to B, when the angle it makes with A 
is less than the angle it makes with B, Let A 
and O B represent two forces P and Q, of which 
P is the greater. Complete the parallelogram A 
€ B. Then OA =:B C; and since B C is greater 
than B the angle C OB is greater than the angle 
OCB, BntthesLng]eOCB= Z.COA .\ ^COB 
is greater than ^ C A, and therefore Cis nearer 
to OA than to OB. 

§ 122. The greater the angle between two 
forces, the less is their resultant. — Let P and Q 
he two forces and let the angle between them be. 
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jfirst, A B, and secondly, A^ B', and let the angle 
A^OB' be greater than A OB, Then, since B 
= jB' and J5 (7 = J5' C, and the angle OB C is 
greater than the angle B' C, it follows that O C7 is 
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greater than C. Hence the resultant decreases as 
the angle between the forces increases. 

§ 123. If two forces are represented hy AB and 
A Cy the sides of a triangle, then their resultant will 
be represented by twice A 2>, where D bisects B C, 

Fio. 56. 




the base of the triangle. For, if the parallelogram 
ABE Che completed, A E represents the resultant 
of the two forces, and A E ^o^ 2 . A D^ since the 

k2 
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diagonals of a parallelogram bisect each other. The 
line ^ D is called the median line of the triangle 
ABC. 



EXERCISES. 

1. A particle is acted upon by two forces of 10 lbs. and 

12 lbs., one of which is inclined at an angle of 80° 
to the vertical, and the other at an angle of 40° to 
the vertical and on the other side of it; find the 
magnitude of the single force which would produce 
the same effect as these two conjointly. 

2. Find the resultant of two forces acting at an angle of 

45°, one of which is twice the other. 

3. Two forces, one of which is three times the other, 

act along the adjacent sides of a square; find the 
resultant. 

4. Three equal forces act along the sides AB^ B C, DC ot 

a square AB CD; find the resultant. 

5. Forces of 8 lbs. and 10 lbs. act at an angle of 60^ ; find 

their resultant. 

6. The resultant of two forces that act at right angles to 

one another is 145 lbs., and one of the forces is 144 lbs. ; 
find the other. 

7. Two forces whose magnitudes areas3to4actata point 

in directions at right angles, and produce a resultant of 
2 lbs. ; find the forces. 

8. The directions of two forces acting at a point are inclined 

to each other (1) at an angle of 60°, (2) at an angle 
of 120°, and the respective resultants are in the ratio 
V7 : 'v^S ; compare the magnitude of the forces. 

9. Forces of 4 lbs. and 5 lbs. act along the sides AB, B Cci 

an equilateral triangle ; find the resultant. 
10. A boat is moored in a stream by two ropes fiistened to 
each bank, and the ropes make an angle of ninety 
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degrees with each other. The force of the stream 
is equal to 500 lbs., and the tension in one of the 
strings is 3 JO lbs. ; find the tension in the other. 

11. Two forces of 4 ozs. and Z V 2 ozs. act at an angle of 

45^, and a third force of a/42 ozs. acts at right angles 
to their plane at the same point ; find their resultant. 

12. Three rods are joined at a point, and at right angles to 

one another, and a weight of 4 <• 3 lbs. hangs from 
their point of intersection; find the pressure trans- 
mitted through each rod. 

13. Four equal forces act at a point; the first is at right 

angles to the second, the third is at right angles to the 
resultant of the first two, and the fourth is at right 
angles to the resultant of the other three; find the 
resultant of all four. 

14. Three posts are placed in the ground so as to form an 

equilateral triangle, and an elastic ring is stretched 
round them, the tension of which is 6 lbs. ; find the 
pressure on each post. 
16. Six posts are fixed in the ground so as to form a regular 
hexagon, and a cord is passed twice round them, and 
pulled with a force of 100 lbs. ; find the magnitude 
and direction of resultant pressure on each post. 



XIX. Geometrical Condition of Equilibrium when 
two or more Forces act at a Point 

§ 124. Triangle of Forces.— If ^ and i^ be 
two forces acting at 0, and the parallelogram OABO 
be completed, C will represent the resultant of 
these two forces, and C reversed or C will keep 
A and B m equilibrium. Since A C equals 
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B, the three forces represented hj OAj A C, and 
C will be in equilibrium. Conversely, if three 
forces acting at a point are in equilibrium, since any 
one reversed equals the resultant of the others, the 

Fio. 57. 




three forces can be represented by the sides of a 
triangle taken in order, 

K a triangle be drawn anywhere else, with its 
sides respectively equal to the sides of the triangle 
OAC,it can be made to coincide with it, and will 
therefore represent the magnitude of the three forces 
in equilibrium. 

The proposition known as the triangle offerees 
IS generally enunciated thus : — 

*K three forces acting at a point be in equilibrium, 
and if any triangle be drawn, the sides of which are 
respectively parallel or perpendicular to their diiec- 
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tions, the forces will be to one another as the sides 
of the triangle; and, conversely, if the three forces 
are to one another as the sides of the triangle, they 
will be in equilibrium.' 

§ 125. The proposition thus enunciated may be 
stated more generally, for the sides of a triangle may 
represent the magnitudes of the forces, though they 
are neither parallel nor perpendicular to their direc- 
tions. Nothing more is necessary than that the 
triangle shall be such as is capable of being taken 
up and twisted into parallelism with the sides. In 
other words, if three forces acting at a point be in 
equilibrium, and there be a triangle which can be so 
moved that its sides shall become respectively parallel 
to the directions of the forces, then the sides of this 

Fig. 58. 




triangle, taken in order, will represent the forces; 
and conversely if the three forces can be represented 
by the sides of such a triangle, they will be in 
equilibrium. 

Thus, if P, Q and E be three forces in equilibrium 
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and A B C a, triangle, the sides of which can be 
brought into parallelism with the directions of the 
forces, then 

F: Q: E::AB: BC: CA. 

It is necessary to observe that if the sides of the 
triangle be not taken in order they will represent two 
forces and their resultant. Thus, AB, B C, and A C 
represent P, Q, and their resultant B, 

This proposition, viz. the triangle of forces, is the 
statical supplement to the parallelogram of forces, as 
it gives the geometrical conditions of equilibrium 
when three forces act at a point. 



§ 126. Examples. — (1) Equilibrium on the in- 
clined plane. — ^When a heavy body is supported on 

Fig. 59. 

A 
P ^ 




an inclined plane whether by a force parallel to the 
plane or parallel to the base, the relation between 
the forces in equilibriimi can be deduced from the 
triangle of forces. 
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First, Let the force P act parallel to the plane 
A B, Let W be the weight of the body, and R the 
normal pressure or reaction of the plane. Then P, 
W, and R are supoosed to be in equilibrium. Pro- 
duce ^ C to J5' and make AB' =zAB. From B' 
draw B' (7 perpendicular to ^ jB. Then the triangle 
AB' C is in every respect equal to the triangle 
ABC, and its sides are respectively parallel to the 
directions of the three forces. Therefore the sides 
of the triangle A B' C represent the forces P, Wy R, 
But the triangle AB' C ia only a new position of 
the triangle ABC, which the original triangle can 
be made to assume. 

.\ P:W:R:\C' A:AB' : B' c 

::ac:ab:bc 

P_^_^ .P _AC _h 
W AB l^ R BC b' 



or 



Fig. 60. 




•B C A' 

Secondly. Let the force P act parallel to the base 
of the plane. Then the triangle ABC can be 
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twisted into the position A' B' C; in which case 
CA' is parallel to P, A' B' to i?, and ^ C to TT 

.\P: R: wi: ca:ab:bc 



or 



^^CA^h .P^CA^h 
R AB I W BC b' 



(2) Two strings are each tied to a weight of 
25 ozs. at C, and their other extremities are attached 
to two weights F and Q, which hang over the smooth 
pegs A and B, in the same horizontal line. If 



Fig. 61. 




'^vr»a5 



A Che S inches, and B Che 4t inches, and ABhe5 
inches, find P and Q. 

Here the three forces are W= 25 ozs. and P and 
Q the tensions in the strings C A, CB, They act 
at the point C ; and since 5^ = 4* + 3^, it follows 
that the angle A CB is a right angle (Euc. I. 48). 
Since AB, B C, and CAaie respectively perpendi- 
cular to the directions of W, of the tension in A C, 
and of the tension ia B Cj the triangle ABC re- 
presents the three forces in equilibrium, and 



• p = 
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W:P: Qy.ABiBC: CA 
::5;4: 3 

I W= 20 ozs., and Q == I Tr= 15 ozs. 
5 5 



(3) Eequired the least horizontal force necessary 
to draw a heavy wheel over an obstacle the height of 
which is h, situated on the horizontal plane on which 
the wheel rests. 

Let W be the weight of the wheel, r its radius, 
and let F be the force which is just able to lift the 
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wheel over the obstacle. Let A Khe the wheel 
just rising from the gi-ound. Let ^ be the obstacle 
over which it is to be drawn, and P the force re- 
quired. Tlien, if the wheel be on the point of moving, 
the three forces in equilibrium are P and W at (7, 
the centre of the wheel, and the reaction B of the 
obstacle B acting at 0, at right angles to the cir- 
cumference of the wheel, and therefore likewise 
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passmg through C, Now, it will be seen that the 
sides of the triangle C D are respectively parallel 
to the directions of the forces, and are, therefore, 
proportional to them. Hence 

F:E: W:\DO: OC: CD 



or - = ^ = V'(r2_-_C^«) _. V r»-.(r-A)« 
W CD CD r--h 

/. P = v^(2l!lZL?^) . w. 
r ^ h 



§ 127. Polygon of Forces. — K any number of 
forces Pj, P2, P^y -P4, -P5 • • • • acting at a point 
be represented hy A B,BC, C D, D E, E A^ the 

Fia, 63. 





sides of a closed polygon taken in order, the £>rces 
diall be in equilibrium ; and if the forces be in equi- 
libriuiti, they shall be capable of being represented 
by the sides of a polygon. 

Join AC^AD, Then A C represents the resul- 
tant of ^ J5 and B C; and A D represents the resul- 
tant of A C and C D, Le, of A B, B C, and C D; 



THEORY OF EQUILIBRIUM. 189 

and A E represents the resultant of A D and D E, 
i,e. of AB, B Cj C D, and D E -, therefore, E A 
together with A B, B C, C D, and D E produces 
equilibrium. Hence Pj, Pgi -^3) •^4> -^5 represented 
by the sides of the polygon, taken in order, are in 
equilibrium. The converse may be similarly proved. 

If the lines representing the forces do not form a 
closed polygon, that is, if E A! drawn parallel to P5, 
and representing it in magnitude, does not meet A B 
in A^ the forces are not in equilibrium. In this case 
the line joining the points A A' represents the resul- 
tant of the forces, and A! A would keep them in 
equilibrium. In fig, f50, § 116, it will be seen that 
^ a 5 c is an open polygon, the sides of which 

represent Pj, ^2* -^a* *^^ ^\i ^^^ ^^* ^ ^ ^® ^^"^^ 
closing it represents their resultant. 



EXERCISES. 

1. Three forces whose magnitudes are as 3 : 2 : 7 act at a 

point ; can they be equilibrium ? 

2. Three equal forces act at a point; what triangle will 

represent them ? 

3. Two forces acting at a point are represented hj AB the 

base, and CA one of the sides of an isosceles triangle; 
find the resultant. 

4. A string fized at its extremities to two points in the same 

horizontal line supports a ring weighing 10 ozs. ; the 
two parts of the string contain an angle of 60® ; find 
the tension. 

5. Three forces of 20 lbs., 40 lbs., 50 lbs. act at the same 
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point, and make angles of 30°, 60°, and 90° respectively 
with a given straight line ; determine their resultant ' 

6. A weight of 48 lbs. is supported by two strings which 

are respectively 3 ft. and 4 fb. long, and are &8tened 
to points in the same horizontal line at such distances 
apart that the strings make right angles with each 
other ; find the tension in each. 

7. Show that three forces acting at a point, but not in the 

same plane, cannot be in equilibrium. 

8. AB CD E Fia& regular hexagon, and forces represented 

by the lines A B, A C, AD, AE, A F act at A; find 
their resultant. 

9. Two forces acting at a point are represented by the semi- 

diagonals AO, A of a parallelogram AD B C; show 
which of the sides represents their resultant. 

10. Three forces acting at a point are represented by three 

adjacent sides of a regular hexagon taken in order; 
find their resultant. 

11. A boat is moored to two points on opposite banks, 

so that the line joining them is perpendicular to the 
direction of the stream and 15 fb. in length. The two 
strings make a right angle with each other, and one 
of them is 12 fb. long, and the force of the stream is 
equivalent to 20 lbs. ; find the tension in each string. 

12. Three fiexible strings A, B, and C are fastened to a 

small smooth ring ; A and C pass withoiit friction over 
two fixed pulleys ; what weight must be attached to B 
in order that the forces acting on the ring may be in 
equilibrium in each of the following cases : — 

(a) Weight hung to A ^ 9 ozs., weight hung to C » 9 ozs. ; 
angle between the strings A and C » 1 20°. 

(h) Weight hung to -4 = 9 ozs., weight hung to C = 9 ozs. ; 
angle between the strings ~ 180°. 

(c) Weight hung to .4 = 9 ozs., weight hung to C ■= 18 ozs.; 

angle between the strings « 150°. 

(d) Weight hung to ^ = 9 ozs., weight hung to C » 12 00. ; 

angle between the strings « 90°. 
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XX, Resolution of Forces — Analytical Conditions of 
Equilibrium when any number of Forces act 
at a Point, 

§ 128. When a single force is replaced by others 
which together produce the same effect it is said to 
be resolved, and the several resolved parts are called 
components. 

If a weight be pulled along a road by a string 
inclined to it at an angle, it is evident that a part only 
of the force employed is used in drawing the weight 
along the road, whilst the remainder tends to lift it 
ojf the road. That force which produces in a certain 
direction the same effect as another force acting in a 
difierent direction is called its resolved part in that 
direction. 

§ 129. It is evident from the parallelogram of 
forces that any single force can have two component's 

Fig. 64. 




in any directions whatever, since the same straight 
line may be the diagonal of any niunber of different 



192 



STATICS— REST. 



parallelograms. The most convement components 
into which a force can be resolved are those the 
directions of which are at right angles to each other. 
Thus, if P be a force acting at 0, and represented by 
A, then, since OAia the diagonal of the rectangle 
A B Cj the two forces represented hj B and 
C produce the same effect as P ; and if we call X 
the force acting along C, and T the force acting 
along J5, P2 = Z2 + TK 

This method of resolution is the simplest, because 
no part of X aids or opposes Y. Neither component 
has any part in the other. 

§ 130. The projection of a force in any line 
represents the resolved part of the force along 



o 


Fig. 65, 
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1' JC 



that line. — From the preceding it follows that the 
resolved part of J. in the direction Ox is repre- 
sented by the line intercepted between and the 
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foot of the perpendicular let fall from A on the line 
X ; and if C x' ha drawn parallel to rr, and 
(7, A B' be drawn perpendicular to 0' x'^ then 
O' B' -=• B. Hence 0' B' represents the resolved 
part of -4 in the direction (7 x. But 0' B' is 
called the projection of A on the line 0' x'. 
Therefore the resolved part of a force in any line 
equals the projection of that force on the given line. 

§ 131. Forces may very often be compoimded by 
this method of resolution with greater facility than 
by the parallelogram of forces. For, if each of the 
several forces acting at a point be resolved along the 
same two lines, the sum of their components in 
either direction can at once be found, and the system 
is thus reduced to two forces at right angles. 

§ 132. To find the resultant of any number of 
forces acting at a point in different directions and 
in the same plane. — Take three forces P,, Pg* ^3> 
represented by -4, OB and C respectively. Take 
xxf, yj/y two straight lines at right angles through 0. 
Project 0-4, -B, and (7 on each of these lines. 
Then the three forces may be replaced by Z and 
OL', hy M and M',hj N and iV'. But 
L, Mj and iV act in the same straight line, and 
therefore their resultant X is their algebraical sum. 
Also, OL', OM'j ON' act in one straight line and 

o 
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have a resultant y equal to their algebraical sum. 
Thus the original forces Pj, Pg? ^''^^ ^3 ^^^ equivalent 
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to X and F at right angles, where 

X= OL'^OM'-ON', 

and T=OL' -^-OM -ON'-, 

and if R be the resultant of X and F, 2.e. of all the 
forces, 

i?2 = Z2 + T^. 

In the same way the resultant of any number of 
forces may be obtained. Hence, if any number of 
forces act at a point, and two lines be drawn through 
this point at right angles to each other, and if X and 
Y be the algebraic sums of the components of these 
forcesalong these lines respectively, then E^=iX^ + y, 
where -R is the resultant of all the forces. 

This method of finding the resultant of any num- 
ber of forces exemplifies the scientific method known 
as analyaia and synthesis. The method we before 
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considered, which consisted of finding the resul- 
tant of two forces and combining this with a third 
force, and the new resultant with a new force con- 
tinually, was an illustration of synthesis only. 

§ 133. Examples.— (1) Three forces of 4, 5, 
and 6 lbs. act at a point. The angle between the 
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first and second is 45^, and between the second and 
third 75°. Find their resultant. 

It is generally convenient to take the line of 

action of one of the forces as the line x. Draw 

OysA right angles to it, through 0. Project \La 

o 2 
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forces along Ox and Oy. Then if A, OB, C 
represent Pi, P^, and P^ we have 

X^OA'^-OM'-ON 

= 53 + 5 ^/2 + 15 a/ 6 

/. i? = 10 nearly. 

If w be taken equal to OA + OM-- ON, and 
V be taken equal to OM' + ON' ; and if w r, vr 
be drawn parallel to Oy and Ore respectively Or 
will represent the resultant, and this line will be 
found to measure a little less than ten units. 

(2^^ To find the resultant of equal forces when 
the angle between them is 15°. — Let the line a? be 
so taken that it makes an angle of 30° with one 
force and 45° with the other, in which case the angle 
between the forces will be the difference of 45° and 
30?, that is, 15°. Draw Oy at right angles to a?. 

P P 

The projections of Pi are —1 and — ^ 

\/2 ^/^ 

„ P, are^2|^ and ^«. 

But P, = P, 



and 
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.••^=P(l-98---) 

Fio. 68. 
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§ 134. Conditions of Equilibrium when any 
number of Forces act at a Point. — If the forces are 
in equilibrium it is evident that the resultant must 
be zero ; and since R^ = X^ + T^, it follows that 
jf 2 ^ y2 -- Q -^iien the forces are in equilibrium, 
and consequently X = and F = 0. Hence, if 
any number of forces acting at a point are in equili- 
hrium the algebraical sums of the components of these 
forceSy along any two straight lines drawn at right 



198 STATICS — BEST. 

angles to each other through this point, must separately 
vanish. 

The conditions of equilibrium thus found are 
called the analytical conditions, because the forces 
are analysed into their components. Remembering 
what X and T represent, these two conditions will 
be indicated by the equations 

(1) X=0 

(2) r=o. 



EXEKCISES. 

1. Two equal forces acting at a point make angles of 30° 

and 45^ with opposite sides of the same straight line ; 
find their resultant. 

2. Two forces of 6 lbs. and 10 lbs. acting at a point include 

an angle of 105^ ; find the resultant. 

3. Two forces of 8 lbs. and 10 lbs. act at right angles ; find 

the resultant by resolving each along two directions 
at right angles, one of which makes an angle of 30^ 
with one of the forces. 

4. Three forces of 4, 5, and 6 ozs. act at a point and include 

angles of 60° and 75° ; find their resultant. 

5. Three equal forces act at a point, and the angle included 

between the first and second is 30°, between the second 
and third 105° ; find the resultant. 

6. Five forces of 5, 2, 4, 3, and 6 ozs. act at a point and 

include angles of 45°, 75®, 60°, and 90°; find the 
magnitude of the force which wUl keep them in 
equilibrium. 

7. Show why the traces of a horse ought always to be 

parallel to the road along which he is pulUng. 
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8. A man pulls a weight by means of a rope along a road 

with a force of 20 lbs. The rope makes an angle of 
30° with the road. Find the force he would need to 
apply parallel to the road. D;;es the inclination of 
the road alter the answer ? 

9. Find the magnitude of the force which will keep in 

equilibrium two forces of 2 lbs. and 4 lbs., (1) at an 
angle of 16°, (2) at an angle of 75°. 

10. The resultant of two forces acting at a point is 4 lbs., 

and the angle between them is 150°. One of the com- 
ponents is 4 lbs. ; find the other. 

11. Let A B Che a. triangle, aud lines be drawn from A, B, C 

to the middle points of the opposite sides. If three 
forces acting from A^ByC, respectively be represented 
by these three lines the forces will be in equilibrium, 

12. Three forces act at a point, and include angles of 90° 

and 45°. The first two forces are each equal to 2 P, 
and the residtant of them all is \/10 P; find the 
third force. 

•l3. Indicate the forces that maintain a kite in equilibrium. 

14. Find the resultant of three forces, the least of which is 
10 lbs., which are represented by, and act along OA, 
OB, Ci two sides and the diagonal of an oblong 
whose area is 60 square inches, and shorter side 5 ins. 

16. A man and a boy pull a heavy weight by ropes inclined 
to the horizon at angles of 60° and 30° with forces of 
80 lbs. and 100 lbs. ThQ angle between the two 
vertical planes of the cords is 30°; find the single 
horizontal force that would produce the same effect. 

16. The resultant of two equal forces is 56 lbs., and the in- 

cluded angle is 15° ; find the forces. 

17. A weight of 10 lbs. is supported by two strings, one of 

which makes an angle of 30° with the vertical, the 
other 45° ; find the tension in each string. 

18. Three forces each of 10 lbs. act at the same point ; the 

first makes an angle of 30° with the second, and the 
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second an angle of 60° with the third-; calculate the 
magnitude of the single force which with them will 
produce equilibrium. 



XXI. Forces not meeting at a Point — Parallel 

Forces, 

§ 135. Parallel forces are those acting at different 
points of a body and in directions parallel to one 
another. K they act in the same direction they are 
called like forces ; if in opposite directions, unlike, A 
pair of horses harnessed to a carriage is an example 
of two like parallel forces. 

§ 186. Eesnltant of two Parallel Forces.— K 

two forces are parallel and act in the same direction, 
it is evident that their joint effect is the sum of theii* 
separate effects ; and if they act in opposite directions 
it is equal to their difference. 

The magnitude of the resultant of parallel forces 
is, therefore, the same as of forces in the same straight 
line, i,e,y is equal to their algebraical sum. 

It has been shown (§ 121) that when two forces 
act at a point their resultant is nearer to the greater 
force. If the forces act in like directions, from or 
towards the same parts, the resultant will be found 
to act between them ; if in unlike directions, it will 
be found to act outside, both forces, as shown in the 
annexed diagram (fig. 69). This proposition is 
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equally true when the forces are parallel, i.e., when 
the point is infinitely distant. But when the forces 
are parallel the nearness of the resultant to either of 
the forces can be more easily estimated than when 
the forces are inclined at an angle, since it can be 
exactly measured by the pei-pendicular distance of the 
direction of the resultant from that of each of the 

Fig. 69. 





forces. In parallel forces it is found that the result- 
ant is as much nearer to the greater force as that force 
is greater than the lesser force, and acts between like 
and outside unlike parallel forces. Hence parallel 
forces are only a particular case of those which we 
have already considered. 

If F and Q be two parallel forces, like in ^g, 70, i., 
and unlike in fig. 70, ii., the resultant R will act be- 
tween P and Q in fig. i., and outside them in fig. ii. ; 
but in both cases, if F is greater than Q, R will be as 
much nearer to P as P is greater than Q ; i.e., R^s 
perpendicular distance from P will be as many times 
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less than E's perpendicular distance from Q as P is 
greater than Q. Hence, if m C 7i be perpendicular 
to their directions, 

i. Fio. 70. ii. 





P: Q:: Cn ; Cm 

and ,\P I Q\\ C B \ C A (by similarity of triangles). 

Hence the magnitude and position of the resul- 
tant is determined by the equations 

and P X CA=zClyi CB. 

§ 137. Proof. — The position of the resultant is 
thus explained. We now proceed to prove the above 
proposition. 

I. Like Forces, — Suppose the two forces to be 
acting at A and B, and to be represented by -4 a and 
Bb, At A apply any force X in the direction B A, 
and at B an equal force X' in the direction AB. 
These forces will produce no effect, since they are 
equal and opposite. 

Draw the diagonals A s, B s'. Then A s repre- 
sents aS', the resultant of P and X ; and B s' repre- 
sents S'f the resultant of Q and X', These two pairs 
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of forces can therefore be replaced by 5 and S'. If 
the lines As, B a' be produced they will meet at 
some point 0, since the angles X A s, X' B ^ are 
together less than two right angles ; and the forces 
5 and S' may therefore be transferred to 0. 

Draw C parallel to A a or Bb, and resolve S 




'J* M 

a 

into its two components, one along C and the other 
parallel to A B, and let S' be similarly resolved. 
Then we have X and X acting at in opposite 
directions, and counteracting one another; and P 
and Q acting along C, Hence P 4- Q at C pro- 
duces the same effect as P at A and Q at B, and 
therefore the resultant of P and Q acts at C parallel 
to their direction. Let R be the resultant ; then 
i? = P+ Q. 

Now, the triangle OCA has its sides parallel to 
the directions of P, X, and S^ 

A . P OC 
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X" 


CB 
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OC 


• 
• 




CB . 
CA ""•'^ 


p 


X CA=: 


Q X CB. 



IL Unlike Forces, — Let P and Q be two nnlike 
forces acting at A^ and -B, and let Q be greater than 
P. At A J and B apply two equal forces Xand X! in 
the directions B A and A B. Then A s will repre- 
sent aS', the resultant of P and X, and B s^ will 
represent S', the resultant of Q and X\ Let A s 
and 5 s' meet at 0. Then S and /S' act at 0, and 



x'^ 




may be resolved into their component parts, viz., 
X and X' parallel to A B destroying one another, 
and P acting along C and Q in the direction of 
C 0. Hence P a,t A and Q at jB are equivalent to 
a force R equal to Q — P in the direction C 0. 
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Therefore the resultant of P and Q is equal to (i—P, 
and acts parallel to the original forces at the point C. 

Also, since the sides of the triangle AGO are 
parallel to the directions of P, X^ and aS', and the 
sides of the triangle BCD are parallel to the direc- 
tions of Q, X', and >S', we have 

P_ 
X 

P 

Q 



DC A^ ^BC 
CA^'' Q CO 



and 



BC 



« • 



-rr = TT— r since JT = -X' 



or 



CA 
P X CA=:Qx BC. 



§ 138. Experimental Verification. — The above 
propositions may be experimentally verified in the 
following way : — 

Let XJT' be a rod suspended at C Let the two 

Fio. 73. 
/^ 



Qr 



A 



C 



B 

=9= 



X- 



weights P and Q hang from any two points A and 
B (fig. 73), and let a weight R equal to their sum 
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be attached to tiie end of a thin cord that passes 
without friction over the pulley Z). Then if the 
weights P and Q be moved till they are in equili- 
brium, and if the distance C A he equal to /?, and 
the distance C B equal q^ it will be found that 
P y. p z=z Q X q. 

Again, let the weight P hang from A, and let 
the weight Q be fastened to the end of the string 



Fig. 74. 



D(0 



ci<i 



B V 




that passes over the pulley. Then P and Q are 
two unlike forces, and if Q be greater than P, it 
will be found necessary to hang a weight R from 
some point B to maintain equilibrium, and if E' = 
Q — P^ and the distance AB=p and the distance 
C J5 = ^, it will be found that P x p = Q x q 
as before. 



§ 139. Examples.— (1) If P = 4 lbs., and Q 
= 5 lbs. be two like parallel forces, and the distance 
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between their points of application be 12 ins., find 
the position of the resultant. 

Let X equal i?'s distance from P, 
then 12-0? equals „ „ ,, Q 

/. 4 X 0? = 5 (12 - rr) = 60 - 5 re 
,% a: = 6§ and 12 — a; = 5J. 

(2) K the resultant of two unlike parallel forces 
is 12 lbs., and acts at a distance of 5 ins. from the 
greater and 7 ins. from the lesser force, find the 
forces. 

Let P be greater than Q, then i? = P — Q = 12 

and /. P = 12 4- Q 

,also 5 X P = 7 X Q 

/. 5 X (12 + Q) = 7 X Q 

/. Q = 30 Jbs. and P = 42 lbs. 

(3) The resultant of two like forces is 10 lbs., 
and is twice as near to P as to Q ; find the forces. 

P H- Q = 10 .-. Q = 10 - P. 

Let X be P's distance from M, 
Then P. a: = (10 - P) . 2 a; 
/. P = 20 - 2 P 
.'• P = 6f lbs. and Q = 3^ lbs. 

§ 140. To find the Fosition of the Besultant of 
a number of Parallel Forces acting at different 
points of a rigid body. — ^Let P, , Pa, P3 . . . be 
parallel forces acting at il,P, C . . . Then, the re- 
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sultant i?i, of Pj and Pg = -^i + ^21 ^^^ acts at a 
point Oi, such that Pi x A0i=F2 X B Oj. Simi- 
larly i?2> the resultant of i?i and P3, acts at a point 
O2, such that i?, X Oi O2 = P3 X C 0^ 

or, (P, + P2) X Oi O2 = F^x CO2 

and ^2 = ^1 + ^2 + -^3- 




In the same way, by combining this resultant with a 
new force, and the resultant of these with another 
force, the resultant of any numbey of parallel forces 
may be obtained. 

§ 141. Centre of Parallel Forces. — The point 

at which the resultant of any number of parallel 
forces acts is called the centre of the forces. It is 
(jvident from the foregoing investigation that the 
position of the centre of any number of parallel 
forces is independent of the directions of the forces, 
and depends only on their points of application and 
their respective magnitudes. 
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The position of this point may be easily found 
in most cases by the following method : — 

If Pi and P2 be the forces, and any point ; 
and if through any line be drawn cutting their 
directions in the points A and B and their resultant 
at C, then P^ x JL + ^2 X ^^ = ^ X (7. 

Since P^ x. A C = P^x B Cyit follows that 
Pi X {OA-^ OC) = P^ X (OC-OB) 
/.Pi X OA+PixOB^(Pi+P2) X OC=BxOG, 







Fio. 76. 
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Similarly by combining E with P3, and that re- 
sultant with a new force, we can prove that if Pi, Pg, 
P3 . . . be any number of parallel forces, a^i, iCg, 
x^ , , , their respective distances from a point 0, 
along any straight line drawn through that point, and 
X the distance of their resultant fi'om the same point, 
then Ex = PiX^ -\- P2X2 + P^x^ + . . . 



and 



P, + P2 + P3 + . . . 



§ 142. Equilibrium of Parallel Forces.— If Pi, 

P2, P3 . . . be forces in equilibrium, some acting in 

one direction, and some in the opposite direction, their 

p 



210 STATICS — llEST, 

resultant equals zero, and the condition of equi- 
librium is therefore given by the equation 

Pi Xy -\- F2X2 -r P^X^ + . . . = 0. 

In this equation forces pulling in opposite direc- 
tions are supposed to have opposite signs ; and if 
the point 0, through which the line of reference 
passes, and which may be taken anywhere, lies 
between the forces, some being on one side of it and 
some on the other, a further distinction of sign is 
necessary, and all the distances on one side of 
must be accounted positive, and those on the other 
side negative. Bearing in mind these distinctions 
of sign, the condition of equilibrium may be thus 
stated : Parallel forces are in equilibrium^ when the 
algebraical sum of the products of the forces into 
their respective distances^ from some fixed pointy 
measured along a line drawn through that point 
across their directions equals zero. 

This proposition is most important in the solu- 
tion of problems. It is often found convenient to 
take the point in the line of one of the forces, in 
which case the distance of that particular force from 
vanishes. 

§ 143. Examples— (1) A beam AB, 10 ft. 
long, the weight of which is 10 lbs., and acts at its 
middle point, is supported on two props, 1 ft. and 
2 ft. from the ends A and B respectively. From the 
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extremity A a weight of 20 lbs. hangs; find the 
pressure on each prop. 

Here we have two forces acting vertically down- 
wards, viz. 10 lbs and 20 lbs., and the reactions oi: 



Fig. 77. 



20lb6 



lo.Ib''^ 



the two props, which are together equivalent to 
these forces, acting vertically upwards. 

Let P and Q be the pressures on the two props. 

Then P -f Q = 30. Let the fixed point from 
which the distances are to be measured be at A, 
Then we have 

Pxl + Qx8-10x5-20x0 = 

.-. (30 - Q) + 8 Q = 50 

7 Q =. 20 .-. Q = 2f and P = 27|. 

(2) Weights of 3 ozs., 4 ozs., and 5 ozs. are hung 
on a rod A B^ 12 inches long, at distances of 1 inch, 
2 inches, and 8 inches from the end A (fig. 78). If 
the weight of the rod be 6 ozs. and act at its centre, 
find where the rod must be suspended, that it may 
rest horizontal. 

Here we have a force of 3 oz. at a distance of 
1 inch from A^ 

a force of 4 ozs. at a distance of 2 inches firom A 

and ,. „ 6 „ „ .. G 



» 



» 



»> 



n 



P2 
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The only force acting in the opposite direction is the 
tension of the string, which is equal to 3 + 4 + 5 
+ 6 = 18 ozs., and is fixed to the rod at a distance 
X to be found. 

.-. 18ic = 3 + 4x2 + 5x8+6x6=87 



87 
18 



•% a: = ,— = 4:f inches from A. 



Fig. 78. 



1 



n 



(3) Four like parallel forces, the magnitudes of 
which are 2 ozs., 3 ozs., 4 ozs. and 5 ozs., act at the 
four comers of a square ; find the position of their 
resultant. 

It is sometimes convenient to combine, first one 
pair of forces, and then another pair, and finally to 
combine the two resultants. 

The resultant of the forces 3 and 4 is a force of 
7 ozs. acting at Oj (fig, 79), where B 0], equals ^B C» 
The resultant of 2 and 5 is a force of 7 ozs. acting at 
O2, where AO^i^^ oi A D, Join Oi 0^ and the 
$nal resultant will be a force of 14 ozs. acting at the 
point M which bisects Oj O2. Hence, the centre of 
the forces is situated at a point equally distant from 
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A D and B C and y^ of one of the sides jfrom A B 
and y\ from D C, 

Fig. 79. 




§ 144. Besolution of a force into Parallel Com- 
ponents. — A force F may be resolved into two 
parallel components P and Q, provided that P \ Q 
: : QHs distance from F \ P^s distance from F\ and 
either or both of these components may be again . 
resolved, provided that the relation between the 
distances of the components from the original force 
is preserved 

§ 145. Example. — A weight W rests on a 
triangular table at a point in the line joining one of 
the angular points with the middle of the opposite 
side, and at a distance from the angular point equal 
to twice its distance from the side. The table is 
supported on three props at its angular points ; find 
the pressure on each prop. 
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Let Wat £ he resolved into two parallel farocB 
at 2> and C Then, since C£ = 2 EDjihe cwn- 
ponent at D equals twice the component at Cj and 
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^^^atDand-g-actsatC. But -- at Z> 

w w 

is equivalent to -;— at -4. and -^ at J5 ; therefore, the 

W 

weight W exerts a pressure of -— on each prop. 

o 



§ 146. Couples.— In § 137, IT. we found the 
resultant of two unlike parallel forces P and Q, on 
the supposition that Q was greater than P. Let us 
see what would have happened if Q had been equal 
to P. In this case A a and B s! (fig, 72) would have 
been parallel, and the point O through which the 
resultant passes would have been infinitely distant. 
It thus appears that two equal and opposite parallel 
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forces have no resultant, i,e., there is no single force 
tending to produce translation that can replace them. 
Such a pair of forces is called a couple, and the 
perpendicular distance between the forces is called 
their arm. The effect of a couple is to produce 
rotation^ and it generally happens that one of the 
forces is replaced by the reaction of a fixed point 
about which the body is free to rotate. The con- 
ditions of equilibrium of a body free to rotate about 
a fixed point will be considered in the next Lesson, 

EXERCISES. 

1. Parallel forces are applied at two points 5 ins. apart, 

and are kept in equilibrium by a third force 3 ins. 
from the one, and 2 ins. from the other. What is the 
ratio of the forces ? 

2. Two men, of the same height, carry on their shoulders 

a pole 6 ft. long, and a weight of 121 lbs. is slung on 
it, 30 ins. from one of the men ; what portion of the 
weight does each man support ? 

3. A beam the weight of which is equivalent to a force oX" 

10 lbs. acting at its middle point is supported on two 
props at the end of the beam. If the length of the 
beam be 5 ft., find where a weight of 30 lbs. must be 
placed, so that the pressure on the two props may be 
16 lbs. and 25 lbs. respectively. 

4. Two weights of 3 ozs. and 6 ozs. hang at the ends of a 

rod 12 ins. long, and a third weight of 6 ozs. is placed 
3 ins. from the lighter weight ; find the position of 
the resultant. 
6. Equal weights hang from the comers of a triangle ; find 
the point at which it must be suspended to rest 
horizontally. 
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6. Equal forces act along A B, B C, D C, A Dj the sides of 

a square ; find the resultant. 

7. The ratio of two unlike parallel forces is f, and the 

distance between them is 10 ins.; find the position of 
the resultant. 

8. The resultant of two unlike forces is 6 lbs., and acts 

8 ins. from the greater force, which is 10 lbs. ; find the 
distance between them. 

9. Forces of 3, 4, 6, 6 lbs. act at distances of 3 ins., 4 ins., 

5 ins., 6 ins. from the end of a rod ; at what distance 
from, the same end does the resultant act ? 

10. If a weight rest in the middle of a square rough table, 

will the pressure on each leg be altered if one pair of 
legs be longer than the opposite pair ? 

11. A circular table rests on one central leg, and a weight 

of 10 lbs. is placed midway between the centre and 
circumference ; where must a weight of 8 lbs. be placed 
. so as to preserve equilibrium ? 

12. A plank weighing 10 lbs. rests on a single prop at its 

middle point ; if it be replaced by two others on each side 
of it, 3 ft. and 5 ft. from the middle point, find the pres- 
sure on each. 

13. To a weightless rigid rod 30 ins. long, weights of 4, 6, 

8, 12 lbs. are fixed at equal distances from one another; 
where must the rod be suspended to rest horizontally? 

14. A weightless rod is suspended at a point 3 ins. from one 

end, and a weight of 10 lbs. is hung from the same 
end ; if the rod be 16 ins. long, find the weight that 
must be put at the other end to maintain equilibrium. 
16. If the rod be heavy, and its weight be equivalent to a 
vertical force of 2 lbs. acting at its middle point, what 
weight must then be placed at the further end ? 

16. Four vertical forces of 4, 6, 7, 9 lbs. act at the four 

corners of a square ; find their resultant. 

17. Find the centre of like parallel forces, 3, 2, 6, 7 lbs., which 

act at equal distances apart along a straight rod 12 ins. 
long. 
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18. A horizontal straight bar 6 ft. long and weighing 16 lbs. 

is supported at each end, and a weight of 48 lbs. is 
hung at 2 ft. from one end; find the pressure upon 
each of the supports. 

19. Three parallel forces of 4 lbs., 6 lbs., and 7 lbs. are applied 

respectively at the centre and two extremities of a 
rigid bar; find their resultant in magnitude and 
position. 

20. A flat board 12 ins. square is suspended in a horizontal 

position by strings attached to its four corners AB C D, 
and a weight equal to the weight of the board is laid 
upon it at a point 3 ins. distant from the side A B and 
4 ins. from A D ; find the relative tensions in the four 
strings. 



XXII. Forces producing Rotation — Moments, 

§ 147. We have hitherto considered forces, the 
tendency of which has been to produce translation, 
or motion from one place to another ; we have now 
to treat of the tendency of forces to produce rotation 
about some fixed point. 

If a point in a body be supposed fixed, so that 
the body cannot move out of its own place, but is 
free to rotate about that point, a force applied at 
any other point and in a direction that does not pass 
through the fixed point will produce rotation. 

§ 148. The rotatory effect of a force depends 
on : — 

First The magnitude of the force. 
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^ Secondly. The perpendicular distance of its di- 
rection from Xhe fixed point. 

In closing a door a small force applied at the 
handle will produce the same effect as a much 
larger force applied at a point nearer to the hinge. 

§ 149. Moment of a Force. — The tendency of a 
force to produce rotation about a fixed point is called 
its moment about that point, and is measured by the 

Fig. 81. 




product of the number of units of force into the' 
number of units of length in the perpendicular drawn 
from the fixed point on to the direction of the force. 
Thus if P be a force tending to cause a body to rotate 
about the point 0, and Ow be the perpendicular 
drawn from on to its direction, then P x. Otn 
measures the rotatory tendency of the force, and is 
called. the moment of the force P about the point 0. 

§ 150. Geometrical Measure of the Moment of 
a Force. — If A B represent the magnitude of P, then 
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the measure of the moment is A B x m, which is 
equal to twice the area of the triangle AO B, 
Hence the moment of a force about a point may be 
measured by twice the area of the triangle which 




has the straight line representing the force for a 
base, and the fixed point for an apex. 

If two triangles having the same apex can be 
shown to be equal, the moments of the forces, re- 
presented by the bases, about that apex will be 
equal also. 

§ 151. The moment of a force about a point in 
its own line of action is evidently nothing, since no 
perpendicular can be let fall on a line from a point 
in the same line. 

§ 152. Positive and Negative Moments. — In 

considering the action of forces we found it convenient 
to distinguish between positive and negative forces. 
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according as they tended to move the body to the 
right or to the left of a fixed point. In the same 
way it is found desirable to speak of positive and 
negative moments. The moment of a force is 
said to be positive, when it tends to produce rotation 
in the direction in which the hands of a clock move, 
and negative when its tendency is in the reverse 
direction. 



§ 153. If any point be taken in the line of 
action of the resultant of two Forces the Moments 
of the Forces about this point will be equal. — Let 



Fia. 83. 




P and Q be two forces acting at C, and let R 
be their resultant. In the line of aetion of B take 
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any point 0, and draw A, B parallel to the 
directions of Q and P respectively. Then C 0,C A, 
and CB will represent E, F, and Q, wherever the 
point may be taken. But the moment of the 
force G A about the point is represented by twice 
the area of the triangle CAO (§ 150), and the 
moment of C B hj twice the triangle CB Oy and 

the triangle C A = the triangle C B 0, 

.\ The moment of F about equals the moment 
of Q about the same point. 

Or, F X Ovi=:Q X On. 

§ 154. Equilibrium of two Moments. — If two 
forces act at different points of a body which is free 
to rotate about a fixed point they will produce 
equilibrium when their moments about that point are 
equal and opposite. Now, we have seen that the 
moments of two forces are equal and opposite about 
any point in the line of action of their resultant. 
Hence a body acted upon by two forces will be in 
equilibrium when the point of support is in the line 
of action of the resultant. 

§ 155. Application to Lever. — The lever h^s 
been defined as a rigid rod capable of turning about 
a fixed point called the Fulcrum. We are now able 
to find the conditions of equilibrium on the lever, 
and the relation between the forces acting upon it in 
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other cases than those already considered. For if 
P and Q be two forces acting at the points A and B 
of a rigid rod of any form, and if the rotatory ten- 
dencies of these forces are equal about the point G 
or fulcrum, then the resultant of P and Q passes 
through (7, and the moment of P about C is equal 
and opposite to the moment of Q, about the same 



Fig. 84. 










point. Hence the following propositions hold good 
with respect to the lever, whether the lever be 
straight or bent, and whether the forces are perpen- 
dicular to the arms or not. 

(1) The resultant of the two forces passes 
through the fulcrum of the lever, and is equal to the 
pressure on the fulcrum. 

(2) The algebraical sum of the moments of the 
forces about the fulcrum equals zero. 
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This latter proposition is generally known as the 
principle of the lever. 

In fig. 84 we see that if the directions of P and 
Q be produced to 0, and a and b represent the 
two forces, and c their resultant, and if c be 
produced to cut AB in C, then C is the fulcrum, 
and the pressure of the fulcrum is represented by 
c, and 

F X Cm= Q X Cn 

where Cmsmd Cn are perpendiculars drawn ironi 
C to the directions of F and Q. 

§ 156. Examples. — (1) A bent lever without 
weight consists of two arms, one of which is twice as 



Fig. 85. 




long as the other, and inclined to each other at an angle 
of 120° ; find the ratio of the weights that mu>t be 
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suspended from their ends, so that the lever may 
rest with the shorter arm horizontal. 

Let P and Q be the two weights. Taking mo- 
ments about C, we have 

P X J.(7 = Q X (7w; 

and since the angle B Cni^ 60® 

(7n = iOJ5 = A C 

.\F X AC^Q X AC or F=Q. 

(^) A rod the weight of which is 10 lbs. and acts 
at its middle point moves at one end about a hinge 

Fig. 86. 




f>r-iolb» 



and is supported at the other end by a piece of string 
attached to a point, vertically over the hinge, and at a 
distance from it equal to the length of the rod ; find 
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the tension in the string when the rod rests in a 
horizontal position. Let A Bhe the rod moveable 
about a hinge at A, Let C B he the string, then 
A C =i AB. Let W be the weight of the rod at 
G, and let T be the tension ia B C. 

Then in equilibrium the moment of W about A 
must be equal to the moment of 2' about A, 

Or, if ^ m be drawn perpendicular to C B 

T X Am=W X AG 

and Am=^ — ^, and A G = -^— 

T W 
.•.-^ = ^orr-5v/21bs. 

§ 157. Balances. — When a lever is employed to 
determine the weight of a substance it is called a 
balance. This may consist of a beam supported at 
its middle point, with pans hanging from either end, 
one of which holds the substance to be weighed and 
the other the weights ; or the arms of the beam may 
be of different but fixed lengths and the weight may 
slide upon it ; or the arms themselves may vary by 
the movement of the fulcrum. 

§ 158. The Common Balance. — Here the arms 
are equal, and the beam is nicely balanced on a 
pivot. 

A balance should be so constructed, that — 
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1. When the weights in the scale-pans are 
equal, the beam should be perfectly horizontal. 

2. When the weights differ but slightly, the 
deviation of the beam from the horizontal position 



Fig. 87. 




should be considerable. The sensibility of the 
balance should be delicate. 

3. When disturbed the balance shoidd quickly 
resume its original position. The balance should 
exhibit stability. 

If a balance be true, false weights may be de- 
tected by placing them and the substance to be 
weighed alternately in different scale-pans; and if 
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the weights be true, a false balance may be simi- 
larly detected. 

§ 159. The true weight of a body can be as- 
certained with a false balance, if the weights used 
are correct, in the following manner : 

Let W be the real weight of a body, and sup- 
pose it foimd to weigh a lbs. when placed in one 
scale-pan, and h lbs. when placed in the other. Let 
X and y be the arms of the balance, imknown. Then 
by the principle of moments 

PT X a: = a X y and TT x y = ft x a? 

/. W^ X xy = ah X xy .\ TF= ^/ab 

Or, the true weight is the square-root of the pro- 
duct of the apparent weights when the body is 
weighed in each scale-pan. 

§ 160. The Common, or Roman Steelyard. — 

This is a balance with imequal arms. The body to 

Fio. 88. 
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be weighed hangs from the end of one arm of the 
beam, and the weight employed to measure it slides 
on the other arm of the beam. 

Let the beam be suspended at (7, and let xv be 
its weight acting at G^ so *hat the weight P at the 
point is able to keep the beam in equilibrium. 
Hence w; x CG=^F x C 0. 

Suppose a weight W suspended from B, and that 
the beam is in equilibrium when the moveable weight 
F is at A. Then 

WxBC+wxGC=:FxAC 

= P xAO + F X OC 
Bntw X GC = F x OC 
.'. Wx SC = F X AO 
W AO 

Hence, the distance from the point at which the 
weight F must hang varies directly with the mag- 
nitude of W, 

If 0^ == 1 inch when W— 1 lb. 
OA — 2 inches „ TT = 2 lbs. 
0-4=3 „ „ 1^=3 lbs., and so on. 

§ 161. The Danish Steelyard.— This instru- 
ment consists of a straight bar with a heavy knob at 
one end (fig. 89). The substance to be weighed is 
suspended at the other end, and the fulcrum is 
moved so as to equate the moment of the body 
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weighed with the moment of the weight of the 
beam. 



Fig. 89. 
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Let P equal the weight of the beam at (?, and 
W the weight of the body suspended at B ; then 

Px G0= WxOB 
.\P X (GJ?- OB):=z Wx OB 

P 



.\0B=: 



..GB. 



P + W 

Hence, P and G B being fixed quantities^ the beam 
is graduated by making W equal to 1 lb., 2 lbs., 
3 lbs. successively. 

Thusif Tr = P, then OB^^GB 
W = 2P J, OB = IgB 
WzzzBP „ OjB = ^(?^, andsoon. 



» 



§ 162. Other balances are frequently formed by 
altering the inclination of a bent lever, and by 
indicating the corresponding change in the moment 
of the weight of the lever about its fulcrum. The 
common letter-weight, shown in fig. 90, is an example 
of this kind of balance. The fulcrum is at 0, near 
the shorter arm of the lever. The letter to be 
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weighed is suspended from S. When no weight 
hangs from S, the point at which the whole weight 
of the iDBtrument acts ia iiumediat«1y under C, the 
point of suspension, and the index, which always re- 
mains vertical, points to zero. But if anything be 
himg from B, the balance assumes a different po- 




sition and the moment of its weight about C 
increases. If W be the weight of tlie instrument 
acting at G, and w be the weight attached to S> 
we have Wy.AC — vi x B C, when equilibrium 
exists. If weights of ^oz., 1 oz., &c. be separately 
suspended from B, and if the corresponding por- 
tions of the vertical index be marked, these marks 
serve as a scale of weights. 

§ 163. General Propertiea of Homents.— Since 
i of a force measures its tendency to 
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produce rotation about a fixed point, it is evident 
that in order that a body, acted upon by several 
forces, may be in equilibrium, the various tendencies 
to rotation must coimterbalance one another, or the 
sum of the positive moments with respect to any 
point must equal the sum of the negative moments. 
Hence, when several forces act at different points of a 
rigid body and are in eguilihium^ the algebraical sum 
of the moments of the forces about any point must 
vanish. 

§ 164. Again, since the resultant is that force 
which produces the same effect as its components, 
the rotatory tendency of the resultant is equal to the 
sum of the rotatory tendencies of the components. 
In other words, the moment of the resultant about any 
point is equal to the algebraical sum of the moments 
of the forces about the same point. 

This proposition has already been proved in the 
case of parallel forces (§§ 141-2). 

§ 165. Moreover, if the fixed point about which 
rotation is supposed to take place be in the line of 
action of the resultant, the moment of the resultant 
about this point is zero, and consequently the alge- 
braical sum of the moments of a number of forces 
about any point in the line of action of their resultant 
is zero. 

This proposition has also been separately proved 
in the case of two forces meeting at a point (§ 153). 
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EXERCISES. 

1. Two equal and weightless rods are jointed together and 

form a right angle. They move freely about their 
common point Find the ratio of the weights that 
must be suspended from their extremities that one of 
them may be inclined to the horizon at 60°. 

2. A rod A B moves about a fixed point B. Its weight W 

acts at its middle point, and it is kept horizontal by a 
string A C that makes an angle of 45° with it. Fiad 
the tension in the string. 

3. A rod 10 ins. long can turn freely about one of its ends; 

a weight of 4 lbs. is slung to a point 3 ins. from, this 
end ; what vertical force at the other end is required t> 
support it? 

4. If the rod, in the preceding question, be held by a string 

attached to the free end of the rod and inclined to it 
at an angle of 120° find the tension in the string 
when the rod is horizontal. 

5. Two forces of 3 lbs. and 4 lbs. act at the extremities of 

a straight lever 12 ins. long, and inclined to it at 
angles of 120° and 135° respectively ; find the position 
of the fulcrum. 

6. A uniform lever is bent so that its arms make an angle 

of 150° with each other, if the longer arm remains 
horizontal when a weight of 3 ozs. hangs firom its 
extremity, and when a weight of 12 ozs. hangs from 
the end of the shorter arm ; find the ratio of the arms. 

7. Find the true weight of a body which is found to weigh 

8 ozs. and 9 ozs. when placed in each of the scale-pans 
of a false balance. 

8. In a common steelyard the weight of the beam is 10 lbs., 

and the distance of its centre of gravity from the 
fulcrum is 2 ins. ; find where a weight of 4 lbs. must 
be placed to balance it. 
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9. A Danish steelyard is 36 ins. long, and its weight, 2 lbs., 
acts at a point 6 ins. from one end. At the other end 
is hung a body weighing 10 lbs. ; find the position of 
the folcmm. 

10. If in the preceding question the falcrum were 7^ ins. 

from the thin end, what would be the weight of the 
body? 

11. A beam 3 ft. long, the weight of which is 10 lbs., and 

acts at its middle point, rests on a rail, with 4 lbs. 
hanging from one end and 13 lbs. from the other; 
find the point at which the beam is supported ; and if 
the weights at the two ends change placea, what, weight 
must be added to the lighter to preserve equilibrium ? 

1 2. Show that the sum of the moments of two forces repre- 

sented by the two sides of a triangle about any point 
in the base is constant. 



XXm. General Conditions of Eqidlihrium of Forces 
in one Plane — Mecapitulation. 

§ 166. Conditions of Eqnilibrinm of any 
nnmber of forces acting in one plane at different 
points of a rigid body. — We are now in a position 
to give the results of the solution of the problem (with 
respect to forces in one plane) which we stated at the 
opening of this chapter to he the problem of Statics. 

We have seen, that when any number of forces 
act at dififerent points of a rigid body and in dififerent 
directions, each force is capable of being resolved 
into two, one parallel to a fixed direction and the 
other perpendicular to it. The algebraical sum of 
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all these forces in each of these two directions can 
be ascertained, and in order that there should be 
equilibrium, these two sums must separately vanish. 
But this condition is not, by itself, sufficient. For 
the algebraical sum of a number of forces will vanish 
if the sum of the forces in one direction is equal to 
the sum of the forces in the opposite direction, ue,^ 

Fig. 91. 



\ 




if the forces can be replaced by two equal and 
opposite resultant forces. But two equal and 
opposite forces will not produce equilibrium unless 
they act at the same point. Otherwise they form a 
couple (§ 146) and cause rotation To produce 
equilibrium it is necessary that this couple should 
be counterbalanced by another couple, of equal mo- 
ment, and acting in the opposite direction. Thus, 
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suppose all the forces resolved in one direction are 
equivalent to P and P, acting at A and B, and all 
the^ forces resolved in a direction at right angles are 
equivalent to Q and Q, acting at C and Z>, the 
algebraical sums of the forces in each of these direc- 
tions would separately vanish, and no motion of 
translation would take place. But in order that 
there should be no rotation likewise, it is necessary 
that the moment of P should be equal to the moment 
of Q ; in other words, that the algebraical sum of 
the moments of the forces about any point should 
ako vanish. 

Hence the general conditions of equilibrium are 
three : — 

(i) X,-^X^-{-X^ + =0 

(ii) Fi + Fj + 1^3 + = 

(iii) P,p, + P2P2 + PzPz + = 

where X^ X2 . . . and Fp F2 . . . are the 
components of the force Pj, P2 • • • ^ any two 
directions at right angles to each other, and PiP\, 
P2P2 > » ' are the moments of Pi, P2 • . • about 
any fixed point. 

^ 167. Secapitnlation. — In investigating the 
conditions of equilibrium when two or more forces 
act simultaneously on ^ body we have arrived at the 
foUowinir results : — 
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In order that there may be equilibrium when — 
(i) Two forces act on a body, 

(1) they must be equal in magnitude, (2) 

opposite in direction, and (3) act at 

the same point. 

(ii) Three forces act on a body they must 

(1) either pass through a point, and be 
capable of being represented by the 
sides of a triangle taken in order ; 

(2) or, be parallel, in which case the alge- 
braical sum of the forces and of their 
moments about any point must yanisb. 

(iii) Several forces act on a body and 
I. pass through a point. 

They must be capable of being repre- 
sented by the sides of a polygon taken 
in order. 

n. are parallel. 

The algebraical sum of the forces and 
their moments about any point must 
vanish. 

III. act at different points, and in different 
directions. 
The algebraical sums of the com- 
ponents of the forces in each of two 
directions at right angles must 
separately vanish ; and the alge- 
braical sum of the moments of the 
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forces about any point in their plane 
must likewise vanish. 

The three conditions involved in each of these 
cases are sufficient for the equilibrium of a body under 
the action of any number of forces in one plane. 

§ 168. In the solution of problems condition 
(iii) T. very frequently enables us to obtain a geo- 
metrical representation of what is sought, although 
the calculation necessary to obtain a numerical solu- 
tion of the problem may in many cases involve a 
higher knowledge of mathematics than the student is 
supposed to possess. 

Examples. — (1) A beam the weight of which 
acts at its middle point hangs from a nail by two 




strings of given length attached to its extremities ; 
required the position of the beam in equilibrium. 

Let the weight act at C, then the forces in equi- 
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llbrium are the tensions in the two strings and the 
weight ; and since these three forces must pass through 
a pointy the beam must so rest that the point C is 
vertically under the nail. 

(2) A rod the weight of which acts at its middle 




point is placed on two smooth inclined planes ; re- 
quired the position of the rod in equilibrium. 

Here the forces acting are W at G, and R and 
S the reactions of the planes which are perpendicular 
to their surfaces. These three forces must pass 
through a point, and the problem of finding the 
position of equilibrium can be solved by a purely 
geometrical process, since the angles which R and S 
respectively make with the vertical are equal to the 
inclinations of the planes to the horizon. 

(3) A ladder the weight of which is W and acts 
at a point one-third of its length from the foot, is 
made to rest against a smooth vertical wall, and 
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inclined to it at an angle of 30°, by a force applied 
horizontally to the foot ; find the force. 

Let F be the force required. Then the forces 



Fig. 94. 




acting are W at (r, the reaction of the ground R at 
A^ and the reaction of the wall R' at B. 

These form two couples which preserve equi- 
Hbrium. By (iii) III. JP = i?' and i? = TT, and, 
by taking moments about A, we have 

W xAD=^R' xGB 
BudAD^^^^i andCP=^^/^. 
Also R'=^F 






?=^-^'-^=^'373- 
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EXAMINATION. 

1. Show that if three forces act at a point, and produce 

equilibrium, they must lie in the same plane. 

2. A rod AB, 3 ft. in length, the weight of which acts at 

a point 1 ft. from A^ is hung over a smooth peg, by a 
cord 6 ft. in length; find the length of th^ cord on 
each side of the peg when the rod is in equilibrium. 

3. Two forces of 10 lbs. and 12 lbs. act along the sides 

AC, C 5 of an equilateral triangle ; find their resultant. 

4. Six forces of 1 lb., 2 lbs., 3 lbs., 4 lbs., 5 lbs., and 6 lbs., 

acting at a point, miike equal angles with one another; 
find their resultant. 
6. Prove that when two forces act at a point, their resultant 
is nearer to the greater force. 

6. Apply the above to tlie case of parallel forces. 

7. Give the conditions of equilibrium where two forces act 

on a body. 

8. A weight of 10 lbs. is placed on a square board 6 ins. from 

one side, and 10 ins. from the opposite side, along the 
line that bisects its width. The board is suspended 
at its corners by four vertical strings ; find the tension 
in each string. 

9. Explain the proposition known as the polygon of forces. 

10. Two equal forces of 8 lbs. act at an angle of 120°; a 

third force of 6 lbs. acts at the same point, and at 
right angles to their plane ; find the resultant of the 
three forces. 

11. A lever with a fulcrum at one end is 3 ft. in length. A 

weight of 28 lbs. is suspended from the other end. 
If the weight of the lever is 2 lbs. at its middle 
point, at what distance from the fulcrum will an 
upward force of 60 lbs. preserve equilibrium ? 

12. Two forces of 4 lbs. and 8 lbs. act at the end of a bar 
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18 ins. long and make angles of 120° and 90° with 
it ; find the point in the bar at which the resultant 
acts. 

13. Assuming the parallelogram of forces, show how the 

fulcrum of a lever of any shape may be determined. 

14. What is the condition that two couples may produce 

equilibrium ? 

15. A picture the weight of which is 4 lbs. is suspended 

from a nail by means of a flexible cord. The top of 
the. picture is horizontal, and the angle between the 
two parts of the cord is 30° ; find the tension in the 
cord. 



University of London Examination Questions, 

I. MATRICULATION. 

16. State and explain the proposition known as the * Parallel- 

ogram of Forces.' — Jan. 1869. 

17. A weight of 24 lbs. is suspended by two flexible strings, 

one of which is horizontal, and the other is inclined at 
an angle of 30° to the vertical direction. What is the 
tension in each string? — June 1869. 

18. If two forces acting on a point are represented in magni- 

tude and direction by two sides of a triangle, under 
what circumstances will the third side correctly repre- 
sent their resultant? Forces of 20 and 10 act along 
the sides A B and B C respectively of an equilateral 
triangle ; find the magnitude of their resultant. — June 
1869. 

19. Show how to find the resultant of three given forces 

acting on a point ;^nd prove that to produce equili- 
brium their directions must lie in the same plane. — 
Jan. 1870. 

20. Find the ratio of the power to the weight for equilibrium 

on a bent lever of the first kind, when the forces act 
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at right angles to the arms. Supposing th^ arms 
make an angle of 1 20° with each other, and have the 
relative lengths 1 and 6, find the magnitude and point 
of application of the resultant of the power and weight 
when the lever is in equilibrium. — Jan. 1870. 

21. What is meant by the moment of a force about a given 

point? How is its magnitude determined?— June 
1870. 

22. If several forces which do not balance act in the same 

plane upon different points of a solid body one point 
of which is fixed, what condition must be fulfilled in 
order that the body may be in equilibrium? Show 
that this condition cannot be fulfilled unless the fixed 
point is in the plane of the forces. — June 1870. 

23. Show that as the angle between two forces is increased 

their resultant is diminished. — Jan. 1871. 

24. Two forces of the magnitude 5 and 11 act at angles of 

60®, 90°, 120° respectively; compare their resultants 
in the three cases. — Jan. 1871. 

25. A weight of 56 lbs. is attached to a straight lever with- 

out weight, at a distance of 3 ins. from the fulcrum, 
and is balanced in one case by a power of 6 lbs., 
and in another case by a power of 16 lbs. ; find in each 
case the pressure on the fulcrum, and also the distance 
between the points of application of the power and 
weight, when they are applied, 
(a). On the same side of the fulcrum. 
IP). On opposite sides of the fulcrum. 

Show how the answer to each part of the question would 
be affected if the lever weighed 9 lbs., and its centre 
of gravity were at the fulcrum. — Jan. 1871. 
26. Assuming the principle of th^Farallelogram of Forces, 
show what must be the relation, in order that there 
may be equilibrium on the inclined plane, between 
the power, the weight, and the pressure against the 
plane. — June 1871. 
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27. A pole of 12 ft. long, weighing 25 lbs., rests with one 

end against the foot of a wall, and from a point 2 ft. 
from the other end a cord runs horizontally to a 
point in the wall 8 ft. from the ground; find the 
tension of the cord and the pressure of the lower end 
of the pole. — June 1871. 

28. A solid roller, with an axle projecting from one end, is 

suspended horizontally by two vertical cords -one of 
them attached to the end of the roller opposite to the 
axle, the other to the middle of the axle ; the roller is 
4 ft. long, and weighs 27 lbs. ; the axle is 1 ft. long, 
and weighs 1 lb. Find the weight supported by each 
cord. — June 1871. 

29. Show why a lever is in equilibrium when the power and 

weight are to each other inversely as the perpendicular 
distances of their lines of action from the fulcrum. — 
Jan. 1872. 

80. Show how to resolve a given force into two components, 
one of which has a given magnitude and acts parallel 
to a given straight line. 
As a special case, resolve a force of magnitude 12, acting 
horizontally from left to right, into two components, 
one of which is a force of magnitude 25 acting 
vertically upwards.— Jan. 1872. 

31. A man wheels a loaded wheelbarrow along a level road ; 
point out the conditions which determine how much 
of the total weight of load and barrow is supported 
by the wheel, and how much is supported by the man. — 
Jan. 1872. 

82. Three equal forces act in one plane on a point in such 

a way that each of them makes an angle of 120° with 
each of the other tf^o; prove that the forces will 
balance. — June 1872. 

83. Employ the above proposition to show that the resultant 

of the forces 7 and 14 acting at an angle of 120° is 
the same as the resultant of forces 7 and 7 acting at 
an angle of 60°.— June 1872. 

A 2 
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34. Show how it is possible for a sailing vessel to make way 

in a direction different from that of the wind. Why 
cannot a round tub be steered at as great an angle to 
the direction of the wind as a long-boat? — June 1872. 

35. When a horse is employed to tow a barge along a canal 

the tow-rope is usually of considerable length; give 
a definite reason for using a long rope instead of a 
short one. Show whether the same considerations 
hold good in relation to the length of the rope when 
a steam -tug is used instead of a horse. — June 1872. 
66. If a man wants to help a cart up hill is there any 
mechanical reason why he should put his shoulder to 
the wheel, instead of pushing at the body of the cart? 
And if so, show at what part of the, wheel force can 
be applied with the greatest effect. — Jan. 1873. 

37. In a combination of one fixed and one moveable pulley, 

where the power acts horizontally, and the fixed end 
of the string is attached to the upper block, find the 
direction of the total resultant pressure on the upper 
block, and its magnitude as compared with the power. 
— Jan. 1873. 

38. A body weighing 6 lbs. is placed on a smooth plane, 

which is inclined at 30° to the horizon ; find the two 
directions in which a force equal to the body may act 
to produce equilibrium. Also find what is the pressure 
on the plane in each case. — Jan. 1873. 

39. Two men are carrying a block of iron, weighing 176 lbs., 

suspended from a uniform pole 14 ft. long ; each man's 
shoulder is 1 ft. 6 in. from his end of the pole. At 
what point of the pole must the heavy weight be 
suspended, in order that one of the men may bear J of 
the weight borne by the other ? — June 1873. 

40. A heavy plummet is immersed in a stream, the string 

being held by a person standing on the bank. The 
string is found to settle in a sloping position. Shov 
by means of a sketch the three forces which keep the 
plummet in equilibrium. — June 1873. 
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41. State the Parallelogram of Forces. Explain the meaning 

of the terms employed in your statement ; apply it to 
show that if four forces acting on a point be represented 
by the sides of a rectangle taken in order, they will be 
in equilibrium. — Jan. 1874. 

42. A substance is weighed from both arms of an unequal 

balance, and its apparent weights are 9 lbs. and 4 lbs. ; 
find the ratio between the arms. — Jan. 1874. 

43. If in the third system of pulleys (Fig. 40) the pulleys are 

1| in. in diameter, and the strings are parallel and 
attached at given points A^ B, and C to the rod sup- 
porting the weight, to trhat point of the rod should 
the weight W be attached, so that the horizontal 
direction of the rod may be maintained ? — Jan. 1 874. 

44. Explain the meaning of the word Composition and 

Kesolution of Forces, and show how forces may bo 
compounded and resolved. A point is acted upon by a 
force whose magnitude is unknown, but whose direc- 
tion makes an angle of 60^ with the horizon. The 
horizontal component of the force is known to be 1*35. 
Determine the total force, and also its vertical compo* 
nent. — Jime 1874. 

46. Assuming the truth of the Parallelogram of Forces, show 
how to find the position and magnitude of the resultant 
of two parallel forces, P and $, acting at different 
points of a rigid body. — June 1874. 

46. Two uniform heavy rods, A Cy B C^ rigidly connected 

Fig. 95. 
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together, are capable of turning round a horizontal 
axis at C; find the mechanical conditions which 
determine the position of equilibrium. — June 1874. 
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47. To each end of a uniform straight rod 100 ins. long, and 

weighing 12 lbs., is fastened one end of a flexible 
string 140 ins. long, to which a weight of 9 lbs. is 
attached at a point 60 ins. from one end. In what 
position will the rod remain in equilibrium about a 
pivot through the middle ? and where must the pivot 
be placed in order that the rod may be balanced when 
horizontal?— 1869. 

48. The extremities of the horizontal diameter of a circular 

disc, weighing 6 ozs., are nailed against a wall, and to 
a point in the edge of the disc at ^ of the whole cir- 
cumference from one of the nails a weight of 4 ozs. is 
attached ; find the pressure upon each nail. — 1870. 

49. A rod A B, 5 ft. long, without weight, is hung from a 

point C by two strings which are attached to its ends 
and to the point; the string AC is 3 ft., and B C is 
4 ft in length, and a weight of 2 lbs. is hung from A^ 
and a weight of 3 lbs. from B ; find the tensions of 
the strings and the condition of equilibrium. — 1871. 

50. Prove that the sum of the moments of any two parallel 

forces about a point is equal to the moment of their 
resultant about the same point. — 1871. 

51. The weight of a window-sash 3 ft. wide is 5 lbs., each of 

the weights attached to the cords is 2 lbs. ; if one of 
the cords be broken, find at what distance from the 
middle of the sash the hand must be placed to raise 
it with the least effort.— 1872. 

52. The moments of two forces about any point in the line 

of action of their residtant are equal and opposite. 
Deduce from this principle a rule for finding the line 
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of action of the resultant of two given parallel forces ; 
and discuss the result of applying the rule to the case 
of equal parallel forces acting in opposite directions. — 
1872. 

53. Show how to graduate the Eoman steelyard, taking 

account of the weight of the instrument. — 1873. 

54. A light smooth stick 3 ft. long is loaded at one end with 

8 ozs. of lead ; the other end rests against a smooth 
vertical wall, and across a nail which is 1 ft from the 
wall. Find the position of equilibrium and the 
pressure on the nail and on the wall. — 1873. 

55. Show that if two forces act upon a body the moment of 

the one about a point in their resultant is equal to 
that of the other ajjout the same point. — 1874. 
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CHAPTER Vm. 

CENTRE OF GRAYITY. 

XXIV. Properties of Centre of Chravity — Equilibrium 
of a body on a hard surface, 

§ 169. The weight of a body is the force with 
which a body, free to fall, is urged towards the 
earth's centre; the point at which this force acts 
is called the centre of weight, or cetitre of gravity. 
Hence the centre of gravity may be defined as the 
point at which the whole weight of a body may he 
supposed to act. 

If the body be supported at this point the body 
will rest in any position whatever. 

We shall see later that such a point really exists ; 
at present we shall assume that there is a point in or 
with respect to every body, at which the whole weight 
acts. 

§ 170. If a body be suspended at any point 
the Centre of Gravity will be in the vertical line 
drawn through the point of suspension. — Let the 
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body be suspended at S. Let W be the weight of 
the body and G its centre of gravity. 

Then TFacts at G vertically downwards. The 
reaction of the point of support is equivalent to a 



Fig. 96. 





force acting vertically upwards at S, For equilibrium 
these two forces must pass through the same point 
(§ 167, 1). Therefore G must be in a vertical line 
with S. In any other position of the body the 
moment of TF about S would cause rotation. 



§ 171. Methodof finding the Centre of Gravity 
of uniform LaminsB. — The foregoing property enables 
us experimentally to find the centre of gravity of 
uniform laminae or flat bodies of inconsiderable 
thickness. For if the figure be first suspended at 
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one point, and then at another point, the centre of 
gravity will be in the verticals through each of these 
points of suspension ; and if these vertical lines be 
marked on the body their point of intersection will 
be the centre of gravity required. 

If the centre of gravity be known, we can deter- 

FiG. 97. 




mine the point in the opposite side of the surface 
which will be vertically imder the point of suspen- 
sion. For if the line joining the centre of gravity 
with the point of suspension be produced to cut the 
opposite side, the point of intersection will be the 
point required. 

§ 172. If a body rest on a hard plane snrfEice, 
it wiU stand or fall according as the vertical 
from the Centre of Gravity falls within or without 
the base. — The first condition that a body may rest 
on a sur&ce is that the surface shall be strong enough 
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to support the body. Otherwise the body obeys its 
natural impulse and falls through. If the material 
be sufficiently strong it exerts a force perpendicular 
to its surface, which may be considered as acting at 
some point in the surface in contact with the body. 
If the vertical through G (fig. 98) fell within the base, 
the reaction of the plane will be in the same line with 

Fig. 98. 





the direction of W and there will be equilibrium. But 
if the vertical through G fall beyond the base. Wand 
the reaction cannot be in equilibrium and the body 
will fall. 

The condition is the same "whether a body rests 
on a horizontal or inclined plane. 

§ 173. When it is said that the vertical from the 
centre of gravity must fall within the base, it must 
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be observed that by the base of a body is meant the 
lice drawn round the points of support. Toe if a 




body rest on three points of support, as in fig. 99, these 
three reactions will have a resultant which in equili- 
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brium passes through G. If the body rests on more 
points of support the same holds good. If, however, 
the vertical from O (fig. 100) ioXHa without the circum- 
ference of the points of support, the resultant of the 
several reactions will not pass through G and equi- 
librium ^vill not exist. 

§ 174. Stable, imstable, and neutral Equi- 
librium. — Equilibrium may be of three kinds : 

1. The body may be in such a position that if 

Fig. 101. 






slightly displaced it tends to return to its original 
position, in which case the equilibrium is stable. 



Fia. 102. 
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2. Or, it may tend to move further away from its 
position, in which case the equilibrium is unstable. 
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3. Or, it may remain in its new position, in which 
case the equilibrium is neutral. 

These conditions are illustrated when a body 
rests on a hard surface or when suspended by a 
smooth peg. An i^^^ on either end is in unstable 
equilibrium, when resting on a longer side it is in stable 
equilibrium. A sphere or cylindrical roller resting 
on a horizontal surface is in neutral equilibrium. A 
disc suspended at its centre of gravity will rest in 
neutral equilibrium. If suspended at any other point 
ttere are two positions only in which it will rest. In 
the one it fulfils the conditions of stable, in the other 
of unstable equilibrium. These positions are shown 
in figs. 101 and 102 

It will be observed that a body when displaced 
assumes a position of unstable equilibrium in passing 
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rw ^Vf tw 

from one position of stable equilibrium into another; 
and that bodies having several surfaces on which 
they can rest have positions of stable and unstable 
equilibrium corresponding to each. Hence there are 
some positions in which the equilibriiun is more 
stable than in others. 
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§ 175. Position of Centre of Gravity in stable 
and unstable Equilibrium. — When a body is in 
stable equilibrium it will, if slightly displaced, re- 
turn to its original position, and the centre of gravity 
of the body will describe an arc, first rising and then 
falling. If the body be further displaced the centre 
of gravity will gradually rise till it has reached its 
highest position, in which case the equilibrium wiU 
be unstable. 

Hence, in stable equilibrium the centre of gravity 
occupies the lowest possible position; and in im- 

FiG. 104. 




stable it occupies its highest position ; and therefore 
when a body is at rest its centre of gravity must 
occupy its highest or lowest position. This may be 
illustrated by taking a wooden hoop (fig. 104) on the 
inside and outside of which a groove is cut capable of 
holding a marble. If the hoop be stood in a vertical 
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position it will readily be seen that there are two 
positions, and two only, in which the marble can 
rest. It may, with very great care, be made to rest 
on the summit, and the slightest displacement will 
cause it to roll down ; or it may remain in stable 
equilibrium at the bottom of the hoop. In any other 
position equilibrium is impossible. 

§ 176. A body seemingly in unstable equilibrium 
may really be in stable equilibrium, if by the addition 
of weights the centre of gravity is brought under the 

Fig. 106. 




point of support. Thus, a half-crown piece will not 
rest with its edge on the rim of a wine-glass ; but if 
two silver forks hang by their prongs to the coin it 
will be foimd to be supported in stable equilibrium. 
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In the toy represented in the annexed diagram the 
centre of gravity g is under the point of support, and 
the figure consequently can undergo a certain amount 
of displacement without the equilibrium being de- 
stroyed. 

§ 177. The energy of a body in its three 
states of Eqnilibrium.— Bearing in mind the dis- 
tinction between kinetic and potential energy (§ 74), 
we shall readily see that the potential energy or 
energy of position, which a body possesses, varies 
with its condition of equilibrium. In neutral equi- 
librium, the potential energy is the same for all posi- 
tions of the body. In stable equilibrium the potential 
energy is a minimum ; in other words, the body is 
in the most unfavourable position for doing work ; 
whilst in unstable equilibrium the potential energy 
is a maximum, and the application of the smallest 
force can, at once, convert this energy of position into 
energy of motion. A body in imstable equilibrium 
may be said, therefore, so far as its position is con- 
cerned, to be charged with the greatest amount of 
potential energy it can possess. 

§ 178. A body, which is prevented from sliding, 
is on the point of overturning when the vertical 
from its centre of gravity falls at the extremity of 
its base, in which case the body is in a position of 
^instable equilibrium. If a body rest on a rough 
plane, and the plane be inclined through such an 

S 



258 



STATICS — REST. 



angle that the vertical from the centre of gravity 
fells at the edge of its base, any further elevation 
of the plane will cause the body to overturn. 

The inclination of the plane at which this takes 
place can be easily ascertained. Let G be the centre 
of gravity of a body resting on the inclined plane C 2), 

Fio. 106. 




A M 




in unstable equilibrium. Then if ^ JS be the base 
of the body, the vertical from G passes through J., 
and is at right angles to the horizontal line C E 
drawn through C. If G M be drawn perpendicular 
to A B, the right-angled triangles A G M, ACF 
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will have the angle G A M in the one equal to the 
angle C A F in the other, and consequently the 
remaining angle, A G M, equal to the angle A C F, 
But A C F is the angle of the plane, and therefore 
the angle at which the plane may be inclined must 
be less than the angle contained by the lines G A and 
G M, in order that the body may be in equilibrium. 
Or, the body will be on the point of overturning 
when the angle of the plane is such that 

the height of the plane AM 

the base of the plane GM' 



XXV. Methods of finding the Centre of Gravity of 

Particles and Bodies, 

Different methods have to be adopted for finding 
the centre of gravity of bodies according to their 
form. 

We commence with a system of heavy particles. 

§ 179. To find the Centre of Gravity of two 
heavy particles. — The weight of each particle A 
and B may be considered as a vertical force, and the 
centre of gravity of the particles is the point where 
the resultant of these two forces acts. In conse- 
quence of the great distance of the earth's centre 
from the particles A and Bj these two forces may be 
considered as parallel ; and, for the same reason, the 

8 2 
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weights of the particles of all bodies may be regarded 
as parallel forces. 

Join A B, and if TFj and W2 be the weights of 
the two particles, divide A B into Wi + W^ parts, 



Fig. 107. 



^z 



y^^^w^ 



^ 



and mark of^ A G equal to W^ of these parts, so 
that — — = _-2; then G is the point where 

Wi + W2 acts, 1. 6., G is the centre of gravity of the 
particles. 

§ 180. To find the Centre of Gravity of a 
number of heavy particles. — Since the weights of 
the several particles may be regarded as parallel forces, 
and since the centre of gravity is the point where 
the weight of all the particles may be supposed to 
act, the centre of gravity of the particles coincides 
with the point where the resultant of all these forces 
acts, and may be found in the same way as the centre 
of a system of parallel forces (§ 140). 
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§ 181. Every matenal oody consists of particles 
•which may be considered as so many vertical forces, 
and the centre of these forces is the point where 
their sum, which is equal to the whole weight of the 
body, acts. But the point where the whole weight 
of the body acts is the centre of gravity of the 
body, and therefore the centre of gravity of a body is 
the point at which acts the resultant of all the forces, 
caused by the earth's attraction upon the particles, 
of which the body is composed. 

The centre of gravity of a body is very often 
thus defined ; but it is preferable to start with a 
simpler definition, and one which does not involve 
the word Resultant and the theory of parallel forces. 

§ 182. We have seen that the position of the 
centre of a system of parallel forces is independent 
of the direction of the forces, and the centre of 
gravity of a body is therefore a fixed point inde- 
pendent of the position of the body, and even of the 
direction of the force of gravitation, 

§ 183. Centre of Gravity of Homogeneous 
and Symmetrical Bodies. — In finding the centre of 
gravity of bodies we shall consider the matter of 
which they are composed to be distributed uni- 
formly, so that the weights of portions of a body will 
be proportional to their volumes. When we speak 
of the centre of gravity of a line, we suppose the 
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line to be a thin heavy rod of uniform section ; and 
when we consider the centre of gravity of a surface 
we suppose the surface to be a thin lamina, the 
thickness of which, being uniform, can be neglected. 
Hence, for the weights of thin laminae we may sub- 
stitute the areas of thin surfaces. 

If a body be symmetrical about a plane, or if a 
surface be symmetrical about a line, the centre of 
gravity is in that plane or line ; and the centre of 
gravity coincides with the geometrical centre of all 
figures that have such a point. Hence — 

1. The centre of gravity of a straight line is its 

middle point. 

2. The centre of gravity of a circle or of its cir- 

cumference, or of a sphere or of its sur&ce, 
is its centre. 

3. The centre of gravity of a parallelogram or 

of its perimeter is the point in which the 
diagonals intersect. 

4. The centre of gravity of a cylinder or of its 

surface is the middle of its axis. 

§ 184. To find the Centre of Gravity of fhe 
Surface of a Triangle. — Let AB C he the triangle. 
Draw the median line A D from the point A to the 
centre of B C, and divide it into a certain number 
of equal parts. Through the points of division D', 
D", D'" . . . draw parallels to the base B C, and 
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through the points J?', C, B", C" . . . where the 
parallels cut the other sides, draw lines parallel to 
A D, We thus form a series of parallelograms in- 
scribed in the triangle. The line A D passes 
through the centres 0, 0', 0" . . . of all these 
parallelograms, since it bisects their opposite sides. 

Fia. 108. 




B D c 

If we consider the weights of these parallelograms 
as parallel forces acting at the points 0, C^ 0" . . . 
the resultant of all these forces will be in the line 
O Z>. The sum of the parallelograms is less than 
the surface of the triangle, but it can be shown, by 
reasoning similar to that employed in § 26, to 
approach as near to the surface as ever we please, by 
increasing the number of divisions. The centre of 
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gravity of all the parallelograms being situated in 
A D, it follows that the centre of gravity of the 
triangle is also ia AD. 

In the same way it may be shown that the centre 
of gravity of the triangle is in the median CE, 
(fig. 109). Hence the centre of gravity of the triangle 
is at Gj where the two medians intersect. 

Produce A D to F, making D F equal to D G. 

Fig. 109. 




r 
Produce GE toff, making E H equal to G E, Join 
BG,BF,sindiFC; joinBffandffA, 

Then, since the lines B C and G F are bisected at 
D, the figure B G C F is a parallelogram, and B F 
is parallel to C G, For the same reason the figure 
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HA G B iaa parallelogram, and HB ia parallel and 
equal to A O, Since HB is parallel to A F, or AG 
produced, and B F ia parallel to II G, the figure 
H F la & parallelogram 

.\HB=GF. 
But HB=^AG.'.AG=:GF=z2GD 

.\GD = iAD. 

Or, the centre of gravity of the surface of a triangle 
is situated on a median line, and at a distance of ^ 
of its length from the base. 

§ 185. Example. — If weights, each equal to P, 
be placed at the angular points A, B, and C, the 
centre of gravity of these weights coincides with the 
centre of gravity of the triangle. 

The resultant of the two forces at B and Cis a 
force equal to 2 P at 2), and this resultant, combined 
with P at A, gives a force of 3 P at G, such that 
A G equals 2 D G, 

§ 186. To find the Centre of Gravity of the 
Perimeter of a Triangle. — We suppose the triangle 
to be contained by three heavy lines joined together. 

The middle points -4', B', C are the centres of 
gravity of the three lines (§ 183, 1). Join B' C and 
divide it in 2), so that 

AB _B'D 

AC CD' 
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Then D is the centre of gravity of the two sidea 
AB.AC. 

Join D A'^ and divide D A' in G, so that 

DG _ BC 
GA' AB-\-AC 




B A' c 

Then G is the point where the weight of the 
three sides acts, i.e., G is the centre of gravity of .the 
perimeter. 

DB' ^AB 

DC AC 



Since :^ = ^^ and ^' 5' = J ^ .B ; and 



D B' A' B' 
A' C ^=-\A C .•. y^-Ty = -TTTv ^"^» therefore, the 

line A' D is known to bisect the angle B' A' C, In 
the same way it can be shown that G is situated on 
a line that bisects the angle C B' A'. Hence the 
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centre of gravity of the triangle is situated at the 
centre of the circle inscribed in the triangle A' B' C". 

§ 187. To find the Centre of Gravity of any 
rectilinear figure. — ^When a rectilinear figure can 
easily be divided into triangles, its centre of gravity 
can very frequently be found by finding the centre of 




gravity of each of the triangles, and compounding 
the forces acting at these points by the method given 
in § 140. 

Thus, suppose A B C D E a rectilinear figure. 
Divide it into three triangles by lines drawn through 
A. Draw the median lines AK, AL, AM. Then 
the centre of gravity of triangle A B C is a.t g^ of 
triangle' AC D at g^, and of triangle ADE at g^ 
Join (7i, ^2 ^^^ divide the line in G' so that 
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g^ G' _£^ACD 



G' g^ A ABC. 

Join G'g^ and divide this line in G^ so that 

G' G _ AADE 

Gg^ AACD-\-AABG, 

Then G is the centre of gravity required. 

This method is theoretically possible; but in 
many cases the centre of gravity can be found by a 
method involving fewer mathematical difficulties. 

§ 388. Examples— (1) To find the centre of 
gravity of half a regular hexagon. — Let D AB C he 




D P O K C 

half a regular hexagon. Then the sides DA, AB, 
B C are all equal, and if bisects D C, and O A and 
B are joined, the figure is divided into three equi- 
lateral triangles. Draw the median lines AF, O M, 
B K, These are parallel, and perpendicular to D C 
OT AB. 

The centre of gravity of A ^ Z) is at ^i where 
Agi=z2 Fg^ ; the centre of gravity of A B O C is 
at ^2 where B g2 == 2 Kg^. 
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Join gi ^2- Then, since these triangles are equal, 
their centre of gravity is at a point G' which bisects 
the line g^ ^2* This point, therefore, is on the line 

M, and G' = I M. Now, the centre of 

o 

gravity of the A -4. -B is at ^3 where M g^ =^ -^ My 

3 

and therefore M g^ = G' =^ G' g^. Divide G' g^ 
in G so that 

G'G _ AAOB _ 1 

Gg^ AADO+ ABOC 2. 

Then G is the centre of gravity required, and 

0G:= 0G'+ G'GotOG=^OM. 

9 

(2) To find the centre of gravity of a figure 

Fig. 113. 




which consists of half a regular hexagon, having an 
isosceles right-angled triangle on its longest side. 
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Let A B C D E be the figure which is sym- 
metrical about the line E F, The centre of gravity 
is therefore somewhere in the line E F. 

Let AB=^a=:BC=CD. 
Then AD = 2 a&nd HE = a. 

Hence the area of the half -hexagon is 3 — ^ 

i 

The area of triangle ADE equals 

Let Qi be the centre of gravity of half -hexagon, 
then Hg^^\FH, 

Let ^2 ^® *^® centre of gravity of triangle, then 
Divide g^ g^ in (r, so that 



<?^2 ^ 3^/3 

Then G is the centre of gravitj required. Let 
9\9i=^^ and G g^^ = a;, 

then X _ ^ . 46 

6-a! Sv'S" 4 + 3v'3' 

where 5 = f ^5 + 1^^=, (| ^ + l)a = 
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Hence Ogi=-. . a, which gives the 

distance of the centre of gravity from g^. 

To find the distance of G from Hy we can 
subtract G Qi from H gy which gives 

We can also take moments about H. Then, since 

the moment of the resultant equals the sum of the 

moments of the forces, we have area A B C D 

X Hgy^ — area AE D x Hg2 = whole area x H G. 

3aV3 4 a/ 3 2.,1 /3aV3 , 2\ rf tj 
— — — X — - a^~a*x - a = r -^^ + a* ] G H 

4 9 2 3 \ ^ ^ J 

.\ 5(?=A(3 V3-4)a. 

The application of this method will be further 
considered in the next lesson. 



EXERCISES. 

1. If a parallelogram be suspended at a point in one of its 

sides, what point will be vertically under the point of 
suspension ? 

2. A circular tower, the diameter of which is 20 ft., is being 

built, and for every foot it rises it inclines 1 in. from 
the vertical ; what is t^e greatest height it can reach 
without falling ? 

3. A circular table weighs 20 lbs. and rests on four legs in its 

circumference forming a square; find the least pressure 
that must be applied at its edge to overturn it. 
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4. Two weights of 17 lbs. and 13 lbs. are connected together 

by a weightless rod ; at what point must the rod be sup- 
ported to rest in any position whatever ? 

5. A solid cube rests on a rough plane ; through what angle 

may the plane be inclined before the cube overturns? 

6. An equilateral triangle stands vertically on a rough 

plane ; find the ratio of the height to the base of the 
plane when the triangle is on the point of over- 
turning. 

7. A triangular board weighing 30 lbs. is carried by 3 men, 

each standing at one of the comers ; what weight does 
each bear? 

8. Four weights of 3 ozs., 4 ozs., 5 ozs., ahd 6 ozs. are placed 

at the corners of a square ; find the position of their 
centre of gravity. 

9. To one corner of a heavy square an equal weight is 

attached; where must it be suspended by a single 
string to rest horizontal ? 

10. Find the centre of gravity of a triangular lamina, to two 

corners of which weights, respectively equal to half the 
weight of the triangle, are attached. 

1 1. A ladder 20 ft. long weighs 60 lbs. ; its centre of gravity 

is 8 ft. from the thicker end ; it is carried by two men, 
one of whom supports the heavier end on his shoulder; 
where must the other stand that the weight may be 
equally divided ? 

12. Weights of 1 oz., 2 ozs., 3 ozs. are placed at the comers of 

an equilateral triangle ; find their centre of gravity. 

13. An isosceles triangle rests on a square, and the height of 

the triangle is equal to a side of the square ; find the 
centre of gravity of figure thus formed. 

14. Find the centre of gravity of a figure in the shape of a 

kite, formed by two isosceles triangles put base to 
base. The extreme width of the kite is 4 ft., and the. 
heights of the isosceles triangles are 2 ft. and 4 ft. re- 
spectively. 
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15. Two particles weighing 4 ozs. and 10 ozs. are joined toge- 

ther hy a uniform rod weighing 3 ozs. ; find at what 
point the rod must be supported to rest in any position 
whatever. 

16. Find the inclination of a rough plane on which half a 

regular hexagon can just rest in a vertical position with- 
out overturning, with the smaller of its parallel sides in 
contact with the plane. 



XXVI. — Methods of finding the Centre of Chravity 
of bodies joined together and of parts of bodies, 

§ 189. Given the Centre of Orayity of each 
of two bodies, to find the Centre of Gravity of 

both together. — The centre of gravity of both 
bodies can be found by joining the centres of 
gravity of the two, and dividing the line thus drawn 
into two parts in the inverse ratio of the weights of 
the bodies. The process is the same as in finding 
the centre of gravity of two heavy particles. 

§ 190. Example. — Two cylinders with circular 
bases have a common axis ; the radius of the one is 
4 inches and the altitude 6 inches ; the radius of the 
other is 3 inches and the altitude d inches; find 
the centre of gravity of both. 

Since the volume of a cylinder is equal to tt 7*' A, 
where r is radius of the base, and h the height, the 
volume of the one cylinder is ^ X 16 x 6 and of 
the other tt x 9 x 8. 
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The distance giQ^ = 7 inches. If O be tha 
centre of gravity required 

g\G 72 /- 9 

9i92-9\(^ 96 21 

.*. ^j G = 3 inches ; 

or their centre of gravity is at the point in the axis 
where they touch. 

Fig. 114. 



^ 



92 



The centre of gravity of several bodies joined 
together can be found in the same when their 
several centres of gravity lie on the same straight 
line ; otherwise the problem generally presents 
numerical difficulties; 

§ 191. Example. — To find the centre of gravity 
of three uniform rods joined together so as to form the 
letter F> ^^^ lengths of the rods being as 1 : 8 * 6, 
and their thickness neglected. 

Let the length of the vertical rod be 6 inches, 
the horizontal rod 8 inches, and the small central 
rod 1 inch. 
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Take gi g^ and divide it in (?', in the ratio of 1 ; 2. 
Then the centre of gravity of these two rods is at G'. 
Draw a vertical through G', This bisects the 
central rod and passes, therefore, through its centre 




of gravity. Mark off -^ of g^ G' from G^', and 
the point G thus determined is the centre of gravity 
required. 



§ 192. Given the Centre of Gravity of a whole 
figure and of a part of it cut off, to find the 
Centre of Gravity of the remainder. — ^Let W be 
the weight of the whole figure and C its centre of 
gravity. Let w be the weight of a part, and g its 
centre of gravity. Then W^tv is the weight of 
the remainder. 
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Join C g and let the centre of gravity of the 
remainder act at some point G, 



Fig. 116. 




Produce C g to some point A. . Then, by the 



principle of moments, 

WxAC=wxAg'\-{W — w)xAG 
. ^ _ TT X A C — w X Ag 

§ 193. Example. — To find the centre of gravity 
of the remainder of a square, out of which, one of 




the triangles formed by the diagonals has been 
\aken. 

The figure that remains is symmetrical about 
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the line L M. The centre of gravity is therefore in 
that line. 

Let the side of the square be a. Then, the area of 
the whole square is a^ and its centre of gravity is at C ; 

the area of the triangle is -^ ^^^ ^^ centre of 
gravity is at Z) ; and the area of the remainder is 
— and let its centre of gravity be at G. 

Taking moments about M^ we have 

a^ X MC^^l X MD-ff^—MG 

4 4 

.% MG = ^aj 

or G is situated -J- of a from (7. 

The centre of gravity of this figure might have 
been easily determined by finding the centres of 
gravity of each of the triangles of which it is com- 
posed. 

§ 194. General method of finding the Centre 
of Gravity of a number of particles or bodies. — 

Let Wij W2J tv^ . . . be the weights of several 
particles or bodies, x^ x^, x^ , , , the distances of 
their centres of gravity from a fixed line y ; and 
^19 ^2) ^3 • • • ^^ corresponding distances from a 



278 



8TAJICS — BEST. 



line Ox at right angles to Oy; then if Xand Y be 
the reflective distances of their centre of gravity 
from these lines 

jr — "'i ^1 + ^2 ^2 + ^z ^i 



^1 + "^« + «^a + 



and r — "^1^1 + "^2y2 + "^aya+ ■ 



tr, + ITj + IT, + 

Let ^ and B be the centres of grsLv l ly of two 
particles or bodies whose weights are tr| and w^. 



Fig. 11& 




i 



^ 




Let tiie resultant of tt^ and ir^ act at G|. Drew 
the lines ^ L, Gi N, BM parallel to Ox, wd 
AEy (?i jP parallel to Oy. 

Th^i tr, X -4 (?i = tcj X B Gi 

.\Wi X AE = w^x GiF 
or iTj X (OiV^ - OZ) = tra X (0 Jf - O iV) 
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.•.(«?! + w;2) iV = i^i X OL + W2 X OM 
or Y— ^^'' X OZ -f 1(72 X OM 

Let (7 be the centre of gravity of another body, 
the weight of which is w^. Join G Gi, 

Let G2 be the centre of gravity of (t(7j + W2)sLt Gi 
and of w.^ at C Draw G2 Q, C P parallel to O x. 
Produce (?, F to iT, and draw 6^2 ^ parallel to Oy, 

Then (a?! + w^) X G^G^^w.^ x G^C 

/. (i^i 4 W2) X ^1 K = w^ X G2II 
.\(wi +m;2)(0Q- ON) = w^ X (OP -OQ) 

/• (Wl+W?2 + M?3) 0Q=(m;i+W?2) OiV+ ll^gXOP 

= 1^1 X OL + W2 X M + w^ X OP 
. QQ^_ W\ X OL -i- W2 X M + w^ X OP 

In the same way it may be proved for any num- 
ber of points that X===-B-^l±if^2 +3 ^3+ . . . 

w'l + w;2 + ««^3 + ... 
where JT is the distance of their centre of gravity 
from Oy. If we draw lines from J., -B, and C 
parallel to y and measure along x, the same kind 
of reasoning will prove that 

w^i + <^2 + ^3 + 



• • • 



Where Y is the distance of the centre of gravity of 
the whole system from the line Ox, 

By the aid of this proposition, which is the most 
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general we have proved, the centre of gravity of 
several particles that do not lie in the same straight 
line can conveniently be found. 

§ 195. If the particles are not in the same plane, 
and Zi, ^2, ^3, be their respective distances from a 
fixed plane, it is equally true that 

_g ^ ^^1 -^1 + ^^2 -2 + ^^3 -^3 + ' • • 
Wl + W2+ ^3 + ... 

where Z is the distance of their centre of gravity 
from the plane. 

§ 196. Example.— From the point D (fig. 119) 
which bisects A C, one of the sides of the equilateral 
triangle A B C,si straight line DE i^ drawn perpen- 
dicular to the base cutting oflT the triangle DEC. 
Required the centre of gravity of the figure AD E B, 

Take B C SiS one fixed line, and B C at right 
angles to it. Find Qx^ the centre of gravity of the 
whole triangle, and g^ of the part. Then B F = Xi 
and BK=iX2 and Fg^ =yu and Kg2 =y2« 

The area of the whole triangle equals Wj =_- 

where B G ^= a and -4 jP = A ; the area of the small 

triangle equals Wg = -^^ = — ^ ; the area of the 

7 
remaining figure equals w^ ~^w2=^s-^u h, 

16 
Then, if G be the centre of gravity required, and 
BM ^=i Xy and O M =. F, we have. 
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X=z 



2 16 

7 , 
— ah 

16 
SBF- BK 



and 



BF^^', a,nd BK 

2' 



/. X = 



4a--a 



5 
-a. 

6 



1S« 
42 




Similarly, GM=T= « ^gi - -^g« . 

and Fffi = ^h and Kg^ = g* 5 
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Heiic« the centre of gravity is at a point G, where 

§ 197. To find the Centre of Orarity of the 
Snr&ce of a Cone.— IT two points a and b be taken 
in the circumference of the base of the cone, and 
each of these points be joined with C, the vertex, 

Fio. 120. 




the figure thus formed may be regarded as a triangle 
if the points a and b be sufficiently near one another. 
The centre of gravity of the sur&ce of this triangle 
ia at a point g, one-ihird up the median line Cd. 
Now, the circumference of the base may be regarded 
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as a polygon with an infinite number of infinitely 
small sides ; and the surface of the cone may there- 
fore be supposed to consist of an infinite number ot 
such triangles, a.8 C ah. If a circle be drawn through 
g parallel to the base, the centre of gravity of each 
of these triangles will lie on the circumference of this 
circle, and therefore the centre of this circle will be 
the point at which the weight of the sum of these 
triangles acts, i,e., the centre of gravity of the surface 
of the cone. But the centre of this circle is at G, 
where D G ia equal to one-third of Z) C ; therefore 
the centre of gravity of the surface of a cone is at a 
point in the axis at a distance of one-third of the 
axis from the centre of the base. 

§ 198. If r be the radius of the base, and h the 
height of the cone, the area of the surface can be 

shown to be equal to wr \/ h^ + r^, or haU" the cir- 
cumference of the base into the slant side. 

§ 199. Centre of Gravity of a Pyramid Since 

a pyramid may be supposed to consist of a number of 
parallel discs or flat prisms of the same shape as the 
base, lying one on the other, the centre of gravity 
of all these discs, and therefore of the pyramid, must 
be situated in the line joining the centre of gravity 
of the base with the apex of the pyramid, and it can 
easily be shown to be at a distance of one-fourth of 
this line from the base. 
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Thiia, if (7 be the centre of gravity of the base o£ 
ft pyramid, and A he its apex, and if ^ C be joined, 




and CO he marked off equal to one-fourth of C A, 
then G Ib the centre o£ gravity of the pyramid. 

§ 2U0. Centre of Oravity of a Cone.— If the 

number of ^des of a pyramid be increased 'without 
limit, the pyramid becomes a cone. The centre of 
gravity of a cone is found, therefore, in the same way 
as that of a pyramid, by joining the apex of the cone 
with the centre of gravity of its base, and measuring 
one quarter of this line from the base. 
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EXERCISES. 

1. A heavy wire is bent in the form of a right angle, and 

one arm is twice the length of the other. At the 
angular point a weight equal to half the weight of the 
whole wire is fixed ; find the centre of gravity of the 
system. 

2. A uniform rod weighs 8 ozs., and to one end is attached 

a weight of 12 ozs., and to the other a weight of 6 ozs. ; 
the rod is 20 ins. long ; where must it be supported to 
rest in a horizontal position ? 

3. A cylinder the diameter of which is 10 ft., and height 

60 ft., rests on another cylinder, the diameter of which 
is 18 fb., and height 6 ft.; and their axes coincide; 
find their common centre of gravity. 

4. An equilateral triangle rests on a square, and the side 

of the triangle is equal to the side of the square ; find 
the centre of gravity of the figure thus formed. 
6. Into a hollow cylindrical vessel 11 ins. high, and weighing 
10 ozs., the centre of gravity of which is 6 ins. from the 
base, a uniform solid cylinder 6 ins. long, and weighing 
20 ozs., is just' fitted ; find their common centre of 
gravity. 

6. From a uniform circular disc another disc, having for 

its diameter the radius of the first circle, is cut away ; 
find the centre of gravity of the remainder 

7. From a square the side of which is 6 ins. a corner square 

is cut away, the side of which is 2 ins. ; find the centre 
of gravity of the remainder. 



EXAMINATION. 



1. Define the centre of gravity of a body, and give an ex- 
perimental way of finding the centre of gravity of a 
uniform lamina. 
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2. A heavy wire is bent at its middle point, so as to contain 

an angle of 60° ; it is suspended from one of its ends ; 
find its position in equilibrium. 

3. Explain how it is that a long rod is more easily balanced 

on its end than a short one. 

4. AB CDis & square ; CB is produced to E, and on EB 

is described a square. If B E =: ^ A B^ find the centre 
of gravity of the figure thus formed. 
6. Find the height of a cylinder which can just rest on an 
inclined plane the angle of which is 60° ; the diameter 
of the cylinder being 6 ins. 

6. Define stable, unstable, and neutral equilibrium. Can a 

body have more than one position of stable equilibrium ? 

7. How is the potential energy of a body connected with its 

state of equilibrium ? 

8. From a rectangle 8 ins. by 5 ins. a comer rectangle is cut 

out 2 ins. by 3 in6. (2 ins. from the side of 8 ins.) ; find 
the centre of gravity of the remainder. 

9. A rectangular board 6 ins. by 8 ins., and weighing 2 ozs., 

is hung up from one of its angular points ; to the 
extremity of the adjacent short side a weight of 8 ozs. 
is attached ; find the position in which the board hangs 
in equilibrium. 

10. A cylindrical vessel weighing 4 lbs., and the internal 

depth of which is 6 ins., will just hold 2 lbs. of water. 
If the centre of gravity of the vessel when empty is 
3*39 ins. from the top, determine the position of the 
centre of gravity of the vessel and its contents when 
full of water. — Matriculation^ Univ. Lond,^ Jan. 1869. 

11. Two uniform cylinders of the same material, one of them 

8 ins. long and 2 ins. in diameter, the other 6 ins. 
long and 3 ins. in diameter, are joined together, end 
to end, so that their axes are in the same straight line. 
Find the centre of gravity of the combination. — 76., 
June 1869. 

12. Two heavy particles, weighing respectively 3 and 5 ozs., 



CENTRE OF GBAVITY. 287 

are attached to the ends of a straight rod 8 ins. long, 
weighing 2 ozs; find the centre of gravity of the 
system. — Matrictdation^ Univ. Lond.t Jan. 1870. 

1 3. "What condition must be fulfilled in order that a body 

may be in equilibrium upon a hard smooth plane 
surface? — /6., June 1870. 

14. Four heavy particles of the relative weights 2, 3, 4, 6 

are placed at the corners A, 5, C, D respectively of a 
horizontal square board ; find the common centre of 
gravity of the four particles. 
Show whether the centre of gravity would change if the 
board were inclined. — iZ»., Jan. 1871. 

15. Give examples of bodies in stable, unstable, and neutral 

equilibrium. If a body be in stable equilibrium how is 
its centre of gravity aflfected by a small displacement 
of the body ?— i5., June 1873. 

16. A trapezium, having two parallel sides, which are 4 and 

12 ft. long, and the other sides each equal to 5 ft, 
is placed with its plane vertical, and with its shortest 
side on an inclined plane ; find the relation between 
the height and base of the plane when the trapezium 
is on the point of falling over. — Frcliminary Scientific 
\8t M, B., 1870. 

17. Find the centre of gravity of three equa^ rods, A By AC, 

and A 2>, in the same plane, and diverging from the 
point Af each of the angles B A (7 and CAL being 
one-third of a right angle. — Z&., 1871 

18. Weights of 2, 3, 2, 6, 9, 6 kilogrammes are placed at the 

angular points of a regular hexagon taken in order ; 
determine the position of their centre of gravity. — 75., 
1874. 
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A. 

EXAMINATION PAPEES SET AT 
VAEIOUS INSTITUTIONS. 



1. Matriculation Examination^ January 1875. 
{Friday^ January 15.) 

Natural Philosophy. 

1. State and exhibit the mechaDical conditions of 

equilibrium, when a beam A By of uniform thick- 
ness and density, rests with one extremity against 
a smooth vertical wall, and the other against a 
smooth hemispherical bowl. [§§ 167-8.] 

2. In a system of pulleys in which a separate string 

passes round each pulley, it is found that when 
the power and the weight are in equilibrium and 
the power is caused to descend through 8 ft., 
the weight rises through 1 ft. Can the mechani- 
cal advantage of this arrangement ever be as much 
as 8 ? Give reasons for your answer. [§§ 83, 97. J 
8. Equal weights (each 1 oz.) are placed at the angular 
points of a heavy triangular lamina and also at 

u 
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the middle points of the sides. Find the position 
of the centre of gravity of the plate and weights. 

4. A river one mile broad is running downwards at the 
rate of four miles an hour, and a steamer moving 
at the rate of eight miles an hour wishes to go 
straight across. How long will the steamer take 
to perform the journey, and in what direction 
must she be steered ? [§ 24. — 8*66 mins.] 

6. A rifle-bullet is shot vertically downwards from a 
balloon at the rate of 400 ft. per second. How 
many feet will it pass through in two seconds, and 
what will be its velocity at the end of that time, 
neglecting the resistance of the air, and estimating 
the acceleration due to gravity at 32 ? [864 ; 464 ft. ] 

6. It is stated that, because the earth rotates on its 
axis, a lump of lead weighs less in Ceylon than in 
Spitzbergen. Explain the statement [§§ 29, 46.] 



2. Science and Art Department of the Committee of 
Council on Education^ South Kensington. 

Thbobetical Mechanics. 

1. Where is the centre of gravity of a triangle situ- 

ated? 

2. A body is, in shape, a sphere, but loaded in such a 

manner that its centre of gravity is not at its 
geometrical centre ; when it is placed on a hori- 
zontal plane, what are its positions of stable and 
unstable equilibrium P 

3. Three forces of 2, 10, and 12 units act along parallel 

lines on a rigid body; show how they may be 
adjusted so as to be in equilibrium. 
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4. What is meant by the sensibility of a balance ? 

Other conditions being the same, why is the 
sensibility less the greater the weight of the 
beam? 

5. Two forces of 10 units each act on a body along 

parallel lines, and in opposite directions; why 
would it be impossible to balance these forces by 
any one force ? 

6. ^ C^is a bent lever with its fulcrum at C, the 

angle AC£ ia a right angle, the arms A C and 
-B C are KK and 7^ long, and -4 C is in a vertical 
position ; a horizontal force of 21 units, acting at 
A, is balanced by a vertical force (P) acting at B ; 
find the magnitude of P, and the pressure on the 
fulcrum, and show in a diagram the line along 
which the latter force acts. 

7. State exactly what is meant when the velocity of a 

body is said to be uniformly accelei*ated. The 
acceleration of a body's velocity is denoted by 5, 
the units being feet and seconds ; what fact is ex- 
pressed by this number 6 ? 

8. A body moves from a state of rest, and at the end of 

8 sees, has a velocity of S(y a second ; its velocity 
is known to have been uniformly accelerated ; how 
far did it go in the 8 sees.? Supposing the 
motion to continue under the same conditions, 
how far will it go in the next 8 sees. ? 

9. The mass of a body is 10 lbs. ; at a given instant it 

is moving at the rate of 40^ a second ; from this 
instant a constant force is made to act on it in a 
direction opposite to that of the motion, which 
brings it to rest after it has described 18'; what 
was the magnitude of that force P What unit of 
force have you used in stating the answer P 

V 2 
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10. The force of gravity on a ^ven mass is sensibly dif- 
ferent at different places on the earth's surface; 
state briefly how this can be shown to be the 
case. 

21. Investigate a formula for the position of the centre 

of gravity of a trapezoid, having given the lengths 
of the two parallel sides, and that of the line 
joining their middle points. 

22. In the case of two forces which act along intersecting 

lines, show that the sum of the moments of the 
forces with respect to any point in the plane of 
the lines equals the moment of their resultant with 
respect to the same point. [It will be enough to 
consider one case.] 

What assumption must be made respecting the 
signs of the moments, in order that the above 
statement may include all cases ? 

23. A heavy point is suspended by a thread from a 

fixed point, and rests against a smooth inclined 
plane ; the inclination of the thread to the vertical 
and that of the plane to the horizon is S0°; deter- 
mine the pressure on the plane and the tension of 
the thread in terms of the weight of the point 

24. A body rests on a rough horizontal plane; deter- 

mine the direction of the smallest force that would 
make the bodv slide. Under what circumstances 
would a smaller force overthrow the body ? 
26. An inclined plane has a base 12(y long and 50' high ; 
the co-efficient of friction between it and a body 
weighing 56 lbs. placed on it is 05 ; how many 
units of work are required to draw the body up 
the plane, and how many to draw it down the 
plane? 
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27. Two bodies, whose masses are 2 cwt. and 96 lbs. 

respectively, move from rest mider the action of 
constant forces ; the former is found to describe 8' 
in the first three seconds of its motion, the latter 
6' in the first two seconds of its motion ; find the 
ratio of the former force to the latter. 

28. A body falling from rest and moving freely in vacuo 

describes 336^ in one second ; for how long had it 
been moving before the beginning of that second P 
(^ = 32). 



3. College of Preceptors. Pupils^ Examination, 

Christmas, 1874. 

Mechanics. 

1. State the proposition termed the Triangle of Forces. 

A triangle AB C, formed of three iron rods, 
has the points A and B fixed to two points in a 
vertical post, and a weight of 1 ton is suspended 
from C\ having given AB^^ ft., -4 C=20 ft., 
and j5 C= 18 ft., find the tension in B C, 

2. A rod 4 ft. long has a weight of 2 lbs. at one end, 

3 lbs. at 15 in. from the end, 4 lbs. at 27 in., 5 
lbs. at 40 in., and 8 lbs. at the other end ; find at 
what point the rod must be supported to remain 
horizontal. 

3. Mention the principal properties of the Centre ot 

Gravity of a body. 

A solid whose ends are squares 21 in. by 21 in., 
and whose faces are parallelograms, the length of 
the shorter side of each being 21 in., and that of 
the longer 35 in., is just on the point of falling over 
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when placed on a level table. Find the height of 
the solid. 

4. What power must a man weighing 150 lbs. exert to 

lift himself by a pair of pulley-blocks, each con- 
taining two wheels ? 

5. Find the relation between the power and the 

weight when a load is sustained by a screw 
turned by a lever. 

6. A body is projected vertically upwards with a 

velocity of 60 ft. per sec. (i) How long will it 
be rising 11 ft. ? (ii.) What will be its greatest 
elevation ? (iii.) How long will it be before it 
returns to the starting-point P 

7. State Newton's Second Law of Motion. 

A weight of 16 lbs. is attached by a string to 
the car of a balloon which is ascending with an 
acceleration of 10 ft. per sec. ; find the tension of 
the string. 



4. University of Oxford. Local Examination^ Thurs- 
day, June 4, 1874. For Junior Candidates, 

Mechanics and Mechanism. 

1. How is the resultant of two given forces found 

geometrically, (1) when they act at the same 
point and include a given angle ; (2) when they 
are parallel and act in opposite directions ? 
The resultant of two forces inclined at an angle 

of 135° is 2, and one of the forces 2\/2; find the 
other. 

2. Enunciate the principle of the Triangle of Forces. 

A weight of 10 lbs. is suspended by two strings 
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attached at their upper ends to two points in the 
same horizontal line ; their lengths being 39 and 
62 in. respectively, and the angle between them 
being 90°; find the tension in each. 

3. Define Centre of Gravity. 

Find that of a plane figure composed of a 
square with an equilateral triangle described on 
one of its sides. 

4. Determine the inclination of a smooth inclined 

plane when a force of 5 lbs. along it will just 
sustain a weight of 10 lbs. upon it. 

What would the coefficient of friction be, sup- 
posing the plane just rough enough to hinder 
the weight slipping down when left to itself ? 

5. Describe Attwood's machine. 

It is found that when the weights are 119 and 
121 grs. respectively the distance passed over 
in the third sec. is 8 in. ; determine the value 
of^. 

6. A stone is thrown vertically upwards with a 

velocity of 48 feet per second ; find how high it 
will ascend, with what velocity it wiU return to 
the earthy and the whole time of motion. 



For Senior Candidates. 

1. Define the terms — Moment of a Force, Momentum, 

Angular Velocity. 

Assuming the parallelogram of forces, find the 
conditions of equilibrium of any number of forces 
acting at one point and in the same plane. 

2. Five forces acting at one of the angular points of an 

equilateral and equiangular hexagon are repre- 
senfedf in direction and magnitude by the straight 
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lines which join that point to the other angles of 
the figure ; find the resultant. 

3. If parallel forces of given magnitude are applied at 

fixed points, show that their resultant passes 
through a point the position of which is inde- 
pendent of the direction of the forces. 

4. Find the centre of gravity of the remaining portion 
- of a square, when one comer has been cut off 

along a line joining the middle points of two 
adjacent sides. 

5. If a right circular cone will just rest on its side 

upon a table with its vertex projecting over the 
edge of the table to the distance of ^ of the slant 
side, find the ratio of the altitude to the radius oC 
the base. 

6. A weight of 1 cwt. is supported on an inclined 

plane, whose inclination to the horizontal plane is 
46°, by a string which passes over a pulley at the 
top of the plane and has a weight attached to it 
Find the least possible value of the supporting 
weight when the coefficient of friction is i, and 
its value when the plane is smooth. 

7. Explain the principle of ' Virtual Velocities.' 

Find the relation between the power and 
weight in the cases of the lever, screw, and wind- 
lass. 

8. How is it shown that the velocity of a body, moving 

from rest in vacuo under the action of a constant 
accelerating force, is proportional to the time it 
has been in motion, and that the space passed 
through is proportional to the square of the time ? 

9. A particle is let fall from a given height, and at the 

same moment another particle is projected ver- 
tically upwards ,* if the two particles are at the 
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same height just as the second comes to rest, find 
how long one will reach the ground before the 
other. 



5. University of Cambridge. Local Examinations^ 

December 1873 

Mechanics. 

1. Define force, and show that forces may be properly 

represented by straight lines. 

2. Enunciate the theorem known as the * Triangle of 

Forces/ and deduce it from that known as the 
* Parallelogram of Forces.' 

A rod is supported by two strings attached to 
its extremities. One of the strings is fastened to 
a small ring, and the other passes through the 
ring and is gradually lengthened ; show that the 
centre of gravity of the rod will describe a straight 
line. 

3. Define the term ' Centre of Gravity.' 

The centre of gravity of a body and of a por- 
tion of it being given, find the centre of gravity of 
the remainder. 

A circular plate has a circular piece removed 
from it, the diameter of the piece being half that 
of the plate ; find the position of the centre of 
gravity of the remainder, the edge of the piece 
removed passing through the centre of the plate. 

4. A rod of uniform thickness has one-half of its 

length composed of one metal, and the other half 
of a different metal. The rod will balance about 
a point distant one-third of its whole length from 
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one extremity. Compare the weights of equal 
volumes of the two metals. 

5. Describe the common (Roman) steelyard and ex- 

plain the mode of graduating it. 

6. Find the ratio of the power to the weight in that 

system of pulleys in which a separate string passes 
roimd each pulley, the weights of the pulleys 
being neglected. 

If the power be equal to the weight, find the 
weight of a pulley in the above system, assuming 
that all the pulleys are of the same weight. 



6. Royal College of Surgeons of England, Prelimi- 
nary General Examination^ Midsummer 1874. 

Mechanics. 

1. Explain clearly the mode of representing pressures 

by lines, and how this mode is used in finding the 
resultant (i.) of two pressures acting at a point, 
(ii.) of three pressures acting at a point. 

2. A peg driven into the centre point of a square wall 

of a room is pulled at with two strings, the pull 
on one being represented by the vertical from the 
peg to the ceiling, that on the other being repre- 
sented by the slant line from the peg to the right 
hand lower corner of the wall. Find (i.) the line 
representing the force which, if applied when the 
other two were removed, would produce just the 
same stress on the peg as they by their joint 
action do ; and (ii.) the line representing the force 
which, if applied with the other two, would take 
all stress off the peg. 
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3. It is said that the 'six simple maohines are the 

Lever, the Wheel-and-Axle, the Pulley, the 
Inclined Plane, the Wedge, and the Screw.' 
Point out that some of these machines are merely 
modified forms of others. Why are they sometimes 
termed Mechanical Powers ? 

4. Sketch any system of two moveable pulleys, and 

point out how, by using such a system, mechanical 
advantage would be derived. 

5. Distinguish the three different kinds of Levers, and 

give an example of each, describing it so as to 
show clearly that it is an example. 

6. State the conditions for the equilibrium of pressures 

acting on a lever. 

If a walking-stick be supported near one end by 
passing that end over the thumb and under the 
fourth finger, it is noticeable that the pressure 
perpendicular to the stick which must be exerted 
by the fourth finger is greater when the stick is 
held horizontally than when in any slanting posi- 
tion. Explain this fact clearly on mechanical 
principles, with the help of a diagram. 

7. Define the term Centre of Gravity. How is the 

idea of the centre of gravity used in making cal- 
culations where the weights of bodies are to be 
taken into account P 

A scafibld-pole 60 ft. long balances on a log 
put under it 35 ft. from one end, and it also ba- 
lances on the log put under its centre when a boy 
weighing 90 lbs. is sitting on it at one end and a 
man weighing 160 lbs. at the other; find in 
round numbers the weight of the pole. 

8. Explain clearly on mechanical principles why a 

loaded wagon going obliquely across a declivity 
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may turn over, while if the same load could be 
' compressed, the wagon might safely pass the 
same spot iu the same course. 
9. A machine is started verticallv into the air with a 
velocity of 60 ft. per minute, having a flying ap- 
paratus attached to urge it vertically upwards, and 
its motion is observed to be uniformly retarded by 
10 ft. per minute. How high will the machine 
rise? 



7. University of Cambridge. Previous Examination, 

December 12, 1874. 

Mechanics. 

1. Define the resultant of any number of forces. 

If a system of forces be in equilibrium, prove 
that each of these forces is equal to the resultant of 
all the rest, and acts in a direction directly oppo- 
site to the direction of that resultant. 

2. Three forces in equilibrium act at the same point ; 

prove that each force is proportional to the sine 
of the angle between the other two forces. 

P and Q are two forces acting at a point, and It 
is their resultant ; S is the resultant of It and P. 
Prove that, if the forces P and Q be inclined to 
each other at a right angle, and if Q » 3 P then 

/S=P^/T3. 

S. Define the centre of gravity of a body. Prove that 
if the centre of gravity be found for one position 
of a body, it will be the centre of gravity when the 
body is turned into any other position. 

4. If a body be placed on a horizontal plane, prove that 
the body vdll stand or fall according as the ver- 
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tical through its centre of gravity falls within or 
without the base on which it rests. 

5. What are the requisites for a good balance ? 

A tradesman's balance has arms whose lengths 
are 11 in. and 12 in. respectively, and it rests 
horizontally, when the scales are empty. If he 
sell to each of two customers a pound of tea at 
28, 9d, per pound, putting his weights into dif- 
ferent scales for each transaction, find whether he 
gains or loses owing to the incorrectness of his 
balance, and how much. 

6. Find the ratio of the power to the weight in a 

system of pulleys, each pulley being suspended by 
a separate vertical string, which has one end fixed 
to a beam above. [The weight of the pulleys 
may be neglected.] 

7. Describe the Wheel-and-axle. 

If the string from the axle pass round a move- 
able pulley and have its end fixed to a beam 
above, the two parts of the string being parallel, 
and if the weight be attached ta the moveable 
pulley, find the ratio of the power to the weight 

8. A straight uniform rod 12 in. long is suspended by 

two vertical strings attached to the ends of the 
rod ; at a distance of 2 in. from one end a weight 
of 7 pounds is attached, and a weight of 1 pound 
at the same distance from the other end. Find 
the greatest weiprht the rod can have without 
breaking the strings. The strings break when 
subjected to a tension of more than 7 pounds. 
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Matriculation Examination^ June 1875. 

1. Two parallel forces, P and Q, act at two points in a 

straight line, 6 inches apart, in opposite directions. 
Their resultant is a force of 1 lb. acting at a point 
in the line 4 feet from the larger of the forces P 
and Q. Determine the values of P and Q. [8 lbs.; 
9 lbs.] 

2. A short circular cylinder of wood has a hemispherical 

end. When placed with its curved end on a 
smo )th table it rests in any position in which it is 
placed. Determine the position of its centre of 
gravity. [At the centre of the sphere.] 

8. A unifbrm circular arc rests m a vertical plane 

on two smooth pegs, B and C 
Find by aid of a sketch the me- 
C chanical condition of equilibriuoL 
[§§ 59, 167.] 

4. What is meant by saying with reference to gravity 
^ = 32 ? What would be the value of ^ if youi 
units of space and time were miles and minutes P 
[§ 29.-21iV] 

o. A stone is let fall from the top of a railway-carriage 
which is travelling at the rate of 30 miles an hour, 
find what horizontal distance and what vertical 
distance the stone will have passed through in one- 
tenth of a second. [4*4 ft. ; 0'16 ft.] 

6. At the earth's equator the hot air ascends, and is re- 
placed by cold air which blows in along the ground 
from the poles. That which comes from our hemi- 
sphere blows from the north-east instead of from 
the north. Explain this. [§ 22.] 
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First B, Sc. and Preliminary M,B, Pass 
Examinations, 1875. 

Mechanical Philosophy. 

1. Define the expression 'Centre of Parallel Forces.' 

Obtain the position of the centre of four parallel 
forces, P, 2 P, 3 P, 4 P, acting at the angular points 
of a square taken in order. [§ 141 j § 143. Ex. (3).] 

2. A perfectly flexible heavy chain of uniform density 

and section is made to hang as 
in the figure. Show by means 
of a sketch the arrangement of \ yjB 

the forces which keep any por- 
tion of the chain, AB,ia equi- 
Hbrium. [§ 167.] 

3. In a large hotel there is a lift-chamber, from the roof 

of which a weight hangs by means of an india- 
rubber string. Suddenly the support of the lift- 
chamber gives way, and the chamber, with all that 
it contains, falls freely down under the action of 
gravity. What will now first happen to the weight 
and its india-rubber support ? [See § 62. Ex. (9).] 

4. A mass of 200 grammes is acted on by a force equal 

to the weight of 10 grammes for 20 seconds. What 
distance will the mass have passed through, and 
what velocity will it have acquired ? 

[The acceleration due to gravity is 980 (centi- 
metres, seconds)], [s = 9,800 cm. ; v « 980 cent, sees.] 

5. Prove that the time of descent of a heavy particle 

down all chords from the highest point of a vertical 
circle is the same. [§ 37.] 
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Ladies^ College^ Cheltenham. Examination^ 1876. 

Natural Philosophy. 
Examiner — Philip Magnus, B.Sc, B.A. 

CLASS I,A. 

1. Define the terms acceleration, motnentum, unit of 

force, energy, 

2. K a "body moving from rest describes 6 inches in 4 

seconds, what is the acceleration measured in feet 
per minute ? 

3. If each of the weights in Atwood's machine is 1260 

grammes', and if the bar added to one of the weights 
causes it to descend through one foot in two seconds, 
find the weight of the bar. 

4. A body, the weight of which is 480 lbs., is moving 

along a rough horizontal plane with a velocity of 
50 ft. per sec. K the resistance due to friction is 
equivalent to a force of 10 lbs. retarding the motion, 
how far will the body move ? 

6. Indicate by a drawing the forces that keep a kite in 
equilibrium in the air. 

6. Define the centre of gravity of a body. From each 
end of the base of a uniform triangular disc, a 
weight equal to that of the disc is hung. Find the 
point at which the disc must be supported to rest 
in a horizontal position. 

CLASS I.B. 

1. What do you understand by saying that the accele- 
ration of a moving body is 4 ft. per second ? 
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2. If the acceleration be 10 ft. per second, through 

what space must a body move from rest to obtain 
a velocity of 180 ft. per second ? 

3. If a body be projected vertically upwards with a 

velocity of 112 ft. per second, after what time will 
it return to the hand ? 

4. A ball drops from the top of a ship's mast which is 

60 ft. high. If the ship be sailing at the rate of 
16 miles an hour, how far does the ship sail whilst 
the ball is falling ? 

5. Distinguish between zoezght Aiidmass, If the weight 

of a certain mass be represented by 10 at a place 
where a body falls through 64 feet in 2 sees., what 
will be the weight of the same mass at a place 
where a body falls through 101*25 ft. in 2*5 sees. ? 

6. A nail in the middle of a square board is pulled 

equally by two strings which pass over pulleys 
fixed to two adjacent comers of the board. If T 
be the tension in each string, find the magnitude 
and direction of the pressure on the nail. 

7. A b6y pulls a stone along the ground by a string 

that makes an angle of 60° with the ground. The 
boy exerts a force of 10 lbs. What force would 
he have to exert if he pulled the stone by a string 
parallel to the ground ? 

8. Distinguish between the three kinds of lever, and 

give instances of each. 

9. If the distance between the threads of a screw be ^ 

of an inch, and a force of 10 lbs. be applied at the 
end of an arm, 2 feet long, fixed to the centre of 
the circumference of the screw, what pressure can 
be produced ? 
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College of Frecejptors (Incorporated by Royal 

Charter). 

Pupils* Examination — Chi^istmaSy 1876. 

Mechanics. 

Examiner — Philip Magnus, B.Sc., B.A. 

1. Explain by a drawing, or otherwise, how it is that 

a body projected upwards at a given angle to the 
horizon describes a curve. 

2. Explain the term, acceleration. The velocity of a 

railway train increases in 5 minutes &om 15 miles 
an hour to 45 miles an hour. Express the accele- 
ration (1) in feet per second, (2) in miles per 
minute. 

3. Indicate by a drawing the forces that act upon the 

bob of a pendulum and cause it to descend after 
reaching its highest point. 

4. State and illustrate Newton's third law of motion. 

5. A imiform rod 3 feet long and weighing 10 lbs. 

moves freely about one end ; find the magnitude 
and direction of the least force that must be applied 
at a point 6 inches from the other end to keep the 
rod horizontal. 



Royal College of Surgeons of England, Preliminary 
General Examination, September 1876. 

Mechanics. 

1. Distinguish between weight and mass. Under what 
circumstances will the weight of a body vary whilst 
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its mass remains the same ? Give the reasons for 
this difference. 

2. X body under the action of gravity falls freely through 

100*6 feet in 2*6 seconds ; what is the value of ff — 
(1) when the units of time and space are one second 
and one foot, (2) when they are one minute and 
one yard ? 

3. Explain the meaning of the terms work and energy. 

Find the resistance due to friction, if a mass, the 
weight of which is 10 lbs. {g = 32), moving with a 
velocity of 48 feet per second along a rough hori- 
zontal plane, passes over 144 feet before coming to 
rest. 

4. Two weights of 12 oz. and 14 oz. are connected by a 

fine thread, which passes over a smooth wheel that 
revolves without friction : find the accelej'otion and 
the tension in the string. 

5. Two uniform rods, each 6 inches long, and weighing 

2^ oz., are joined together at right angles with each 
other. At the angular point C is fixed a heavy 
particle weighing 5 oz., and at each extremity A 
and J? is a particle of the same weight as that of 
either of the rods. Find the centre of gravity of 
the system. 

6. A body is pushed along a horizontal plane by a force 

of 20 lbs., the direction of which is inclined at two- 
thirds of a right angle to the plane ; what part of 
the force is used in moving the body along the 
plane ; and what other effect is produced by the 
force ? 
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Matriculation Examination.^ — January 1876. 
Natural Philosophy. 

Examiners — Prof. Reinold, M.A., and Prof. Balfour 

Stewart, LL.D., F.R.S. 

1. Squares are described upon the three sides of an 

isosceles right-angled triangle. Determine the 
centre of gravity of the complete figure so formed. 

2. It is asserted that if a substance be wdghed succes- 

sively &om the two ends of a £eilse balance, its true 
weight will equal the square root of the product of 
the two apparent weights. Prove this. 

3. A heavy imiform beam ^^ is supported at the 

point C by the vertical prop CD, its extremity A 




pressing against a wall H F, Determine the 
conditions of equilibrium, taking no account of 
friction. 

4. A body projected vertically upwards against gravity 

has risen 120 feet in one second. What was its 
initial velocity of projection, and how fer will it 
rise during the next second ? 

5. Two masses of 48 and 60 grammes respectively are 

attached to the string of an Atwood's machine, and, 
starting firom rest, the larger mass passes through 

1 Answers to the following London University Examination- 
Papers are given at the end of Appendix B. 
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10 centimetres in one second. Determine from 
these data the value of the acceleration due to 
gravity, your units being centimetres and seconds. 
6. What is meant by saying, with reference to gravity, 
^ = 32 ? What would be the value of g if your 
imits of space and time were miles and hours? 



Matriculation Examination. — June 1876. 

Natural Philosophy. 

Examiners — Prop. Reinold, M. A., and Prof. Balpoxtr 

Stewart, LL.D., F.R.S. 

1. Show that, when five forces acting at a point are 

capable of being represented in magnitude and di- 
rection by the sides of a pentagon taken in order, 
they are in equilibrium. 

2. By aid of a sketch explain the resolution of forces in 

the case of a ship sailing at right angles to the 
wind, — exhibiting also the force that causes lee- 
way. 

3. Three cords are tied together at a point. One of 

these is pulled in a northerly direction with a force 
of 6 lbs., and another in an easterly direction with a 
force of 8 lbs. With what force must the third 
cord be pulled in order to keep the whole at rest ? 

4. A stone projected vertically upwards reached the 

ground again in six seconds. What was its height 
above the ground at the end of the first second ? 
(^ = 32.) 
6. A stone is thrown into the air, at an angle of 45° to 
the horizon, with a velocity of 128 feet per second. 
Show that the path of the stone will not be a 
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straight line ; and detennine the amount of vertical 
deviation from a straight line at the end of two 
seconds, neglecting the resistance of the air. (g = 32.) 



First B,Sc, and Preliminary M.B. Pass 
Examinations^ 1876. 

Mechanical Philosophy. 

Examiners — Prof. Reinold, M.A., and Prof. Balfour 

Stewart, LL.D., F.RS. 

1. Explain hy aid of a sketch the construction of the 

Common Balance, and state the conditions of equi- 
librium when it is loaded with unequal weights. 

2. A uniform bar weighs 2*5 grammes per centimetre. 

Find its length when a weight of 12-5 grammes 
suspended at one end keeps it in equilibrium about 
a fiilcrum 12 centimetres from the other end. 

8. Describe Atwood's machine, and devise numerical 
illustrations by its means in proof of the first law 
of motion ; and also in proof of the relation between 
the space described and the time of description in 
the case of a body under the influence of a constant 
force. 

4. How do we know that the weight of a body varies 
in different parts of the world? Ei^lain the 
causes of this variation. 



B. 



ANSWERS TO EXERCISES AND 
EXAMINATION QUESTIONS. 



I. Exercises, pp. 19-20. 

(1) 40 sees. (2) 2-4 ft (3) 120 ft. per sec. 
(4) 20 sees. (5) 267-6 ft. (6) / = 20 ; v - 200. 
(7) 200 ft per sec. (8) 195 ft (9) 40 ft per sec. 
(10) 0-3 ft. per sec.; 20 yds. (11) 30 ft per sec. 
(12) 60 ft per sec. 

II. Exercises, p. 30. 

(1) No. (2) 10 a/ 5 ft (3) 16 v' 2 ft per sec. 
(4) 695 yards. (6) 117-3 sees.; 1,147-2 yards. 

(6) Straight line midway ; vel. = 10. 

iExAMINATION (CHAPTER I.) Pp. 37-9. 

(3) 109j\ ft from A. (4) 20 ins. per sec. (5) 2fj 
miles from A. (7) 6 ft. per sec. (10) 60 ft N. 
(12) 12 a/ 13 ft distant (13) 33 ft (15) 1,600 ft ' 
(18) 90 ft (19) 6 a/ 3 ft per sec. (20) 10-^2. 

V. Exercises, pp. 51-3. 

(1) 100 ft (2) 160 ft per sec. (3) 176 ft; 676 ft 
(4) 2-5 y. (5) 6 sees. (6) 204 ft (7) 178 ft. 
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(8) lev'TO ft. per sec. (9) 100 ft. (10) 18744 ft 

(11) 67i ft. (12) 135 ft. (13) 336 ft. (J 4) 224 ft 

(15) 10 ft. per sec. (16) 48,144,208 ft. (17) 88 ft. 
(18) 1| sees. (19) 96 ft. (20) 528 ft (21) 96 ft ; 
3 sees. (22) 8 a/ 10 ft per sec. (23) 38-4 ft. per sec. 
(24) 95-7 ft nearly. (25) 824 yds. (26) 68-75 sees. 
(27) 312-6 ft. ; 1.250 ft. 

Examination (Chapter IL) Pp. 53-7. 

(1) 25 ft (5) f^,f ,^^. {Q)v ^ a ^ xg. 

(8) 6i sees. (10) 106 ft (11) 144-9 ft ; 16-1. 

(12) 2g V6-2^/2 ft (13) 114 ft; 144 ft. (14) 160ft 

(16) 140 ft. per sec. (17) 1,608 ft. per sec. (18) 74 ft 
per sec. (19) 156 ft (21) 64-28 ft. nearly. 

(24) ^ sees. (26) 402-6 ft ; 177-1 ft (27) 174| ft 

per sec. ; 784 ft If the balloon is still ascending when 
the stone is let fall v « 68-17 ft per sec. ; « = 306-76 ft 
(29) Three-quarters of the way up. (30) 144 ft 
(31) 2 sees. (32) 225 ft ; 2 J or 6 sees. (33) East 
(34) 8-05 ft ; 120-75 ft. lower down. (36) 64 ft 

(37) 36 ft ; 75 ft ; 3 sees. 

VII. Exercises, pp. 79-80. 

(1) 32 ft. (2) 1 minute. (3) i lb. (4) 3 ft 
(5) 7-2 ozs. (6) 6 ozs. (7) \ oz. (8) 5 ozs. 

(9) 3-75 ozs. (10) 5p ozs. (11) «? ft. ; 268 ft 
(12) 4« mins. (13) 13-75 ozs. (14) 126 lbs. ; 98 lbs. 
(15) 16 v/ 2 ft (16) 10 ft. per sec. (17) 1 minute. 

Yin. Exercises, p. 84b. 
(1) 180 ft. (2) 266| ft (3) 3 : 2. 
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Examination. (Chapter III.) Pp. 85-9. 

(4) 32-1 : 31-4. (6) 1200^. (7) 6 ft. per sec. 
(10) 3 sees. (11) 3 sees. (12) 9 : 1. (13) 6 lbs. 9 ozs. 
(14) 10 mins. 25 sees. (15)^ 125 ft. (16) 2 sees. 

(17) P=14f|; Q=:ll||. (19) 7 lbs. (20) 9:4. 
(22) 2-5 ft. (23) 5 : 1. (25) 2 : 3. (26)'40; 

I mile. (27) ^=11:1080. (29) 2 tons 7 cwts. 

(30) 181-125 ft. (33) 4i ; 3-«. (34) 137*5 sees. ; vel. = 

10 miles an hour. (35) ?:^. (36)48. (37)|;:^.^. 

V 3 2 2 

(38) 5i|f sees. 

Examination (Chapter IV.) Pp. 99-101. 
(3) 256 ft. ; 176 ft. (5) %^-^' (6) 3 : 2. 

(8) 50 lbs. (9) 12-5 ft. per see. (10) 11 : 1. 

(12) |-, -|, ^. (14) 3i ft per sec. (15) 2 ft. 

(18) 12-8 ft. per sec. (19) 715 ft. per sec. nearly 
(21) 10, 6§, 5, 4, &c. 

XII. Exercises, p. I24b. 
(1) f . (2) 4 ozs. (3) 3-6 ozs. (4) 19,080ft.-lbs. 

(5) (6 - -1^) = 1-46 ozs. (6) 5,280,000 ft.-lbs. 

(7) 18,000 ft.-lbs. (8) 18,000 ft.-lbs. (9) 3,500 ft-lbs. 
(10) 300ft.-lbs. 

Examination (Chapter V.) Pp. 125-6. 

(5) 40 v/10 = 126-5 ft. per see. nearly. (6) 11,260 

w 

ft.-lb8. J 14||i units of heat, Fahrenheit. (7) ^-(F^-w'). 
(10) l,444i«y'g thermal units Centigrade. (13) 1,080 ft- 
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XIV. . Exercises. Pp. 131-8 

(1) 12 ins. from smaller weight. (2) 10 lbs. ; 

20 lbs. (3) 3 ft. from the heavier. (4) 21-6 ins. : 
2^ ozs. (5) 15 ozs. (6) 2 ins. from end where weight 
id. (8) 25 lbs. (9) 13^ lbs. (10) 9*5 lbs. 

Exercises, p. I4b2. 

(1) 16 ins. (2) 8. (4) 3i ins. (5) 250 lbs. 

(6) 560 lbs. (7) The 8-oz. weight. (8) 240 lbs. 
(9^ w^. (10) 120 lbs. 

XV. Exercises. Pp. 152-3. 

(1) 60 lbs. (2) 75 lbs. (3) 20 lbs. (4) 1 lb. 
(5) 27. (6) 211 ozs. or 213^ ozs., as the 2 oz. pulley is 
highest or lowest. (7) 14 lbs. (8) 122 lbs. (9) 3J lbs. 

(10) 6-3416 lbs. 

XVI. Exercises, pp. i6i-2. 

(1) 13J ozs. (2) lOJ ozs. (3) 3J ozs. ; 3| ozs. ; 
8| ozs. } 2 ozs. (4) A : 6::5 : 12. (5) 5 ozs. (6; i2ozs. 

(7) (3 + 4a/2)ozs. (8) 10 : 7. (9) If ozs. (10) 1 : 2^/6. 

(11) 2 : 3 ; 27 inches. ' (12) 264 lbs. (13) 12 ozs. 
(14) 100. (15) 9 cwts. 1 qr. 20 lbs. (16) 1 cwt. 1 qr. 
4 lbs. (17) 16f lbs. 

Examination (Chapter VI.) p. 163. 

(7) 90 lbs. (8) 30°. (9) -J^ = 1-34 lbs. nearly. 

(10) ??;^lb9. (11) 32 ozs. (12) ^= 4 P, and the 
weights of the moveable pulleys make no difference when 
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they are equal. (13) 35 lbs. (16) 8. (18) 3 lbs. ; 
equation of work. (19) Second system, 5 pulleys in 
each block. (20) ^. (21) A force equal to his weight. 
(22) 12 lbs. 7J ozs. It is a case of 4 moveable pulleys 
with a power equal to 3^ ozs. (24) 171 lbs. 

XVn. Exercises, f. 170. 

(1) 4 ozs. (2) 12 ozs. in ^ J? ; 9 ozs. in J? C; 6 ozs. 
in CD. (3) 3 J ins. (4) 7 ins. or 1 in., as they act in 
the same or in opposite directions. 

XVUI. Exercises. Pp. iso-i. 

(1) 2 a/31 lbs. (2) Pa/ (5 + 2^/ 2). (3) PV 10. 

(4) Jt = P^ 5j and acts at middle point of B C, 

(5) 2V6ribs. (6) 17 lbs. (7) 1-2 lbs. ; 1-6 lbs. 

(8) 2 : 1. (9) ^/2i. (10) 400 lbs. (11) 10 ozs. 
(12) 4 lbs. (13) 72 = 2 P. (14) eya (16) 200 lbs. 

XIX. Exercises, pp. 189-91. 

(1) No. (3) CB. (4) ^ ozs. (5) 10^55 + 28v/3: 

(6) 38-4; 28-8 lbs. (8) 6P where P is the force along AB. 

(9) A D. (11) 12 lbs. ; 16 lbs. (12) 9 ozs. ; no weight; 
11*1 ozs. nearly ; 16 ozs. 

XX. Exercises, pp. i98-200. 



(1) (1-68) P. (2) 10-2 lbs. (4) v/97 + 16^6 -39^/2. 
(6) (1-67) P. (6) X « y 2 ; F= v/2 + 2^3 - 6. 
(8) 17-32 lbs. (9) 6-96; 491. (10)6-928. (12)Py2. 
(14) 62 lbs. (36) 122-8 lbs. (16) § 133, Ex. (2). 

(^^) r^' iT^yS ^^'> 24 lbs. nearly. 



316 ANSWERS TO EXEBCISES 

XXI. EXEBCISES. Pp. 215-7. 

(1) 2 : 3. (2) 70^, 60jV (3) 20 ins. (4) 6f ins. 
from one end. (5) | up median line firom angular 
point. (6) 2>v/2 P along the diagonal. (7) 40 ins. 
from greater force. (8) 12 ins. (9) 4| ins. (11) | rad. 
(12) 6i lbs. ; 3J lbs. (13) 19^ ins. from one end. 
(14) 2J lbs. (15) If lbs. (16) ^ of middle Hne from 
one of the sides. (17) 7\j ins. from 3 lbs. weight 
(18) 40 lbs. ; 24 lbs. (19) 16 lbs.; ^ of the length from 
the 7 lbs. (20) As 5 : i : i : ^. 

XXn. Exercises. Pp. 232-3. 

(1) 1 : V3. (2) -^- (3) 1-2 lbs. (4) |^3 lbs. 

(5) (8-3>/6) X 9-6 ins. from one end. (6) 2VS : 1. 

(7) 6v^2 0Z8. (8) 5 ins. (9) 6 ins. from end where 
weight acts. (10) 6 lbs. (11) 12 ins. ; 27 lbs. 

EXAMTNTATION (CHAPTER VIE.) Pp. 24bO-7. 

(2) 40 ins. ; 20 ins. (3) 2^31 lbs. (4) 6 lbs. 

(8) 3i : 3i : If : If. (10) 10 lbs. (11) 174 ft. 
(12) If (4- V3) ins. from 4 lbs. end, (15) 4v/2-v/3 
lbs. (17) 8v/3; 16^/3 lbs. (18) 10^3. (24) ^201; 
v/146 ; V91. (25) (a) 60 lbs. 25 ins. ; 40 lbs. 7-5 ins. 
(b) 62 lbs., 31 ins. ; 72 lbs., 13-6 ins. (26) § 126. 
(27) 11-25 ; 27-4. (28) 15 lbs., 13 lbs. (29) § 155. 
(30) 27-73. (35) § 128. (38) A pushing force at 60° 
with the plane, or vertically upwards ; J2 == 6 ^/S or 0. 
(39) 6^ ft. from one end. (42) 4 : 9. (48) I in. from 

one end. (44) 2-7; l-35v/3r (46) § 154. (47) If 
D be the middle point of AB, C the point in the string 
to which the weight is attached, and C E the perpendi- 
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CE 24 

cular on -4 J5 in its position of equilibrium yr^"= ,7 j and 

when AB 1% horizontal, the pivot is 6 ins. from D, 
(48) (5 + V3) ; (5 - a/3) ozs. (49) s/6 lbs., 2 v/5 lbs. 
(51) 12 ins. (54) If C be the nail, JB the end of stick 
against wall, C B -kJ 3 ft. ; the pressure on the nail 
is 8v^3 ozs., and that on the wall 8 (*y9-lj ozs. 

XXV. EXEBCISES. Pp. 271-2. 

(2) 240 ft. (3) 20 ( V2 + 1) = 48-28 lbs. (4) |§ of 

length from one end. (6) 45*». (6) v^3 : 1. (7) 10 lbs. 

(8) I of median line from centre. (9) \ diagonal 

from centre. (10) \ up median line from base. (11) 4 ft. 

from the other end. (13) If « = side of square. Centre 

5a 
of Gravity is -^ from centre of square. (14) 8 ins. up 

median line of larger A from common base. (15) iy 
of length of rod from middle point (16) 3 v/3 : 6. 

XXVI. EXEBCISES. p. 285. 

(1) If -4, J?, be the middle points of the longer and 
shorter arms, C the angular point, and if AD-\ AB^ 
then the C of G^ is J up i> C. (2) 7^^ ins. from heavier 

weight. (3) •S7|§f feet from the base. (4) ^,, ^",,, 

from the common side, where a is the side of the square. 
(5) 3| ins. from base. (6) One-sixth of radius from 
centre of large circle. (7) ^j of diagonal from centi*e. 

Examination (Chaptee VIII.) Pp. 285-7. 

(2) If C and B be the middle points of the two parts 
and CJ? be bisected in D, i> must be vertically under 
A^ the point of suspension. The position of the wire 
may be found by drawinjr a horizontal line through Ay 
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and marking off a distance A E equal to v^f of a, where 

a is length of half the wire^ and then dropping a vertical 

2 
EF^ —p- a. If FA be joined and an equilateral A 

described on it, the two sides will be the position of 
the wire. (4) If G be point required and G^ i^ be per- 
pendicular to B C, then Ci^=|Ja, and GF=iia, 
where a = CB, (5) 3*464 ins. (8) Reckoning from 
comer opposite to that from which rectangle is taken 
X= S^f ins., Y = m ms. (9) If C be the centre, and 
A the point to which weight is fixed, mark off -4 6? = 1 
inch along A C) and G will be vertically under point of 
suspension. (10) 3*26 ins. from top. (11) 5|| ins. 
from base of shorter. (12) 3*2 ins. from heavier weight, 
(16) 8 : 7. (18) ^ of line joining 9 ozs. and 3 ozs. from 
the 9 ozs. weight. 

London University Examination-Papers. 

Pp« 308-310. 

Matric, Jan. 1876. — (1) ^ up median line of triangle. 
(2) §169. (3) §§ 59, 167,8. (4) 136; 88 ft. (6) 
980. (6) 78, 646j\. 

Matric. June, 1876.— (1) § 127. (3) 10 lbs. (4) 80 
ft. (6) § 21. 64 ft. from line of projectioti ; (128-^/2- 
64) ft. from horizon. 

Preliminary Scientific 1st M.B. 1876.— (3) 20 c. dl 



the end. 
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— Buled Paper for Forms of Account Books, 6 sorts ... per quire, 1«. 6d. 

— Self-Instruction in Book-keeping. 12mo 2f. 

Isbister's Book-keeping by Single and Double Entry, 18mo 9d. 

— Set of Eight Account Books to the above each 6d. 

Macleod's Elements of Banking, Third Edition, crowTi 8vo It. M. 

Mensuration, 

Boucher's Mensuration, Plane and Solid, 12mo St. 

Hil^s Explanatory Mensuration, 12mo it.M, 

Hunter's Elements of Mensuration, 18mo It, Key 9d, 

Merrilield's Technical Arithmetic & Mensuration, smi^ 8vo. ............... St. 6d. 

Nesbit's Treatise on Practical Mensuration, by Hunter, 12mo. St. 6d. Key 6t, 

Algebra, 

Oolenso's Algebra, for National and Adult Schools, ISmo 1«. 6d. Key 2t. 6d. 

— Algebra, for the use of Schools, Part 1. 12mo it. 6d. Key it, 

— Elements of Algebra, for the use of Schools, Part II. 12mo. 6t, Key 6t, 

— Examples and Equation Papers, with the Answers, 12mo 2«. 6d. 

Oolenso and Hunter's Introductory Algebra, 18mo tt. 6«t. Key <«. 6d, 

Griffin's Algebra and Trigonometry, small 8vo St,M, 

— Notes on Algebra and Trigonometry, small 8vo 8t.6<l. 

Lund's Short and Easy Course of Algebra, crown 8vo it, 6d, Key it. 6d. 

MacCoU's Algebraical Problems, with Elliptical Solutions, 12mo it. 6d. 

Reynolds's Elementary Algebra for Beginners, 18mo.9d. Answers, 8d. Key It. 

Tate's Algebra made Easy, 12mo 2«. Key 8«.6d. 

Thomson's Elementary Treatise on Algebra, 12mo bt. Key it. 6d. 

Wood's Algebra, modernised by Lund, crown 8vo 7«. 6d. 

Geometry and Trigonometry, 

Booth's New Geometrical Methods, 2 vols. 8vo S8«. 

Colenso's Elements of Euclid, 18mo. it. 6d. or with Key to the Exercises ... 6t. 6d. 

— Geometrical Exercises and Key S«. 6d. 

— Geometrical Exercises, separately, 18mo 1«. 

— Trigonometry, 12mo. Part I. St. 6d. Key St. 6d. Part II. it. 6d. Key &«. 



London, LONGMANS & CO. t 



Hawtresr's Introduction to Euclid ...^....^ ^ cloth U. 6d. 

Hunter's Plane Trigonometry, for BegrinnerB,18mo It. Key 9d, 

— Treatise on Lofirarithms, 18mo l». Key 9d. 

Hymers's Differential Equations and Oaloulus, 8vo 12*. 

Isbister's School Euclid, the First Two Books. 12mo It. 6d. 

Jeans' Plane and Spherical Trigonometry, 12mo. 7t. 6d. or 2 P«rts, each At. 

— Problems in Astronomy Ac. or Key to the above, 12mo 6t. 

Potts's Euclid. University Edition, 8vo lOt. 

— — Intermediate Edition, Books I. to IV. St. Books I. to m. 2t. 6d. 

Books 1. 11. It. M, Book I. It. 

— Enunciations of Euclid, l&no 6d. 

Tate's First Three Books of Euclid. 18mo ., 9d. 

— Practical Geometry, with 261 Woodcuts, 18mo It. 

— Geometry, Mensuration, Trigonometry, Ac. 12mo St. 6d. 

Thomson's Euclid, Books I. to YI. and XI. ftXII. 12mo St. 

— Plane and Spherical Trigonometry, 8vo 4t. 64. 

— Differential and Integral Calculus, 12mo 5t.6d. 

Watson's Plane and Solid Gtoometry, small 8vo St. M. 

Williamson on Differential Calculus, crown 8vo. ^ ...» lOt. 9d, 

— on Integral Calculus, crown 8vo, 10t.6d. 

Willock's Elementary Geometry of the Bight Line, crown 8vo St. 

Wright's Elements of Plane Geometry, crown 8vo St. 

Land Surveying j Dramng, and Practical Mathematics, 

Binns's Orthographic Projection and Isometrical Drawing, 18mo It. 

E^imber's Mathematical Course for the University of London, 8vo 12t. 

Pabt I. for Matriculation, separately. It. 6(2. Key, in 2 Parts, St. each. 

Kesbit's Practical Land Surveying, 8vo 12t. 

Pierce's Solid or Descriptive Gtoometry, post 4to. 12t. 6d. 

Salmon's Treatise on Conic Sections, 8vo M.~.12t. 

Winter's Mathematical Exercises, post 8vo 6t. 6d. 

Winter's Elementary Geometrical Drawing, Part I. post 8vo. St. 6d. Part II. 6t. 6d. 
Wrigle.v's Examples in Pure and Mixed Mathematics, 8vo. ... ... ... ... ... ... ...... 99. 9d, 

Works by Jolin HuUah, Professor of Vocal Music in Kvn^s 
CoUegCj in QueetCs CoUege, and in Bedford CoUege, London. 

Chromatic Scale, with the Inflected Syllables, on Large Sheet It. 6d. 

Card of Chromatic Scale, price Id. 

Exercises for the Cultivation of the Voice. For Soprano or Tenor 2t. 6d. 

Grammar of Musical Harmony, royal 8vo. Two Parts .........each It. 6<l. 

Exercises to Grammar of Musical Harmony It. 

Grammar of Counterpoint. Part I. super-royal 8vo. 2t. 6d. 

Hullah's Manual of Singing. Parts I. and II. 2t. 6d. : or together ......... St. 

Exercises and Figures contained in Parts I. and 11. of the Manual, 

Books I. and n. ^ ~ each 8d. 

Large Sheets, containing the Figures in Part I. of the Manual. Nos. 1 

to 8 in a Parcel Ct. 

Large Sheets, containing the Exercises in Part I. of the Manual. Nos. 9 

to 40, in Four Parcels of Eight Nos. each per Parcel 6t. 

Large Sheets, the Figures in Part 11. Nos. 41 to S2 in a Parcel ................ 9t. 

Hymns for the Young, set to Music, royal 8vo Sd. 

Infant School Songs 6d. 

Notation, the Musical Alphabet, crown Svo 9d, 

Old English Songs for Schools, Harmonised 6d. 

Budiments of Musical Grammar, royal 8vo St. 
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SohoQl Songs for 2 and S Voices. S Books, 8vo each 6d. 

Time and Tnne in the Elementary School, crown 8vo is, 6d. 

Exercises and Fierores in the same, crown 8vo. It. or 2 Farts, 6d. each. 

Political and Historical Geography, 

Burbury's Mary's Geography, 18mo. 2«. 6d. ............^.<,... Quefitions It. 

Butler's Ancient andModem Geography, post 8vo 7t. 6<l. 

— Sketch of Modem Geography, post 8vo it. 

— Sketch of Ancient Geography, post 8vo. it. 

Hiley's Ohild's First Geography, 18mo. M. 

— Elementary Geography for Beginners, 18mo. ~.~................ It. M. 

— Compendium of European Geography and History, 12mo „. ............ 8t. M, 

— Asiatic, African, American and Australian Geography, 12mo 8«. 

Hughes's Ohild's First Book of Geography, 18mo. ....» 9d. 

— Geography of the British Empire, for Beginners, 18mo. ............... 9d. 

— General Geography, for Beginners, 18mo. .................................. 9d. 

Questions on Hughes's Gteneoral Geography, for Beginners, 18mo. ............... M. 

Hughes's Geography of British Iffistory, fcp. 8vo 5t. 

— Manual of Geography, with Six Coloured Maps. fcp. 8vo 7«. 6d. 

Or in Two Parts:— 1. Europe. St. 6d. II. Asia, Africa, America, &C.......... it. 

Hughes's Manual of British Geography, fcp. 8vo 2t. 

Keith Johnston's Gazetteer, or Geographical Dictionary, 8vo 42t. 

Lupton's Examination-Papers in Geography, crown 8vo. „... it. 

M*Leod's Geography of Palestine or the Holy Land, 12mo It. 6<i. 

Maunder's Treasury of Geography, fcp. Svo 8t. 

The Stepping-Stone to Geography, 18mo. It. 

Sullivan's Geography Generalised, fcp. St. or with Maps, 2t. 6d. 

— Introduction to Ancient and Modem Geography, 18mo It. 

Physical Geography and Geology. 

Butler's Text Book of Physical G(eography In thepreM, 

Evans's Petit Album de I'Age du Bronze, crown 8va I2t. 

Hughes's (E.) Outlines of Physical Geography, 12mo. 8t. 6d. Questions, 6d. 

— (W.) Physical Geography for Beginners, 18mo It. 

Keith's Treatise on the Use of the Globes. 12mo 8t. M. Key St. 6d. 

Maury's Physical Geography for Schools and General Headers, fcp. Svo St. 6d. 

Nicols's Puzzle of Life (Elementary Gtoology), crown Svo St. M. 

Proctor's Elementary Physical Geography, fop. Svo It. 6d. 

Woodward's Greology of England and Wales, crown Svo 14t. 

School Atlases and Maps, 

Butler's Atlas of Modem Geography, royal Svo lOt. 6d. 

— Junior Modem Atlas, comprising 12 Mi^pe, royal Svo 4t.6d. 

— Atlas of Ancient Geography, royal Svo 1S», 

— Junior Ancient Atlas, comprising 12 Maps, rc^al Svo. it. 6d. 

— General Atlas, Modem & Ancient, royal 4to 22t. 

Public Schools Atlact of Ancient Geography, 25 entirely New Coloured Maps, 

imperial Svo. or imperial 4to. 7«. 6d. doth. 
Public Schools Atlas of Modem Geography, SI entirely New Coloured Maps. 

imperial Svo. or imperial 4to. 5«. cloth. 

Natural History and Botany, 

Lindley and Moore's Treasury of Botany. Two Parts, fcp. Svo ISt. 

Maunder's Treasury of Natural History, revised by Holdsworth, fcp. Svo. 8t. 
Owen's Natural History for Beginners, 18mo. Two Parts 9d. each, or 1 vol. St. 

The Stepping-Stone to Natural History, ISmo St.6<i. 

Or in Two Parte.— I. Mamnalia^ It. II. Birdie Re»tUe$. and FUhe» ...... It. 
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Wood'g Bible Animals, 8vo 14«. 

— Homes without Hands, 8vo lit, 

— Insects at Home, 8vo lit, 

— Insects Abroad, 8vo lit. 

— Out of Doors, crown 8vo 7». 6d. 

— Strange Dwellings, crown 8vo 7#. W. 

Chemistry and Telegraphy, 

Armstrong's Organic Chemistry, small 8vo St.M 

Orookes's Select Methods in Chemical Analysis, crown 8vo 12f. 6d. 

Onlley's Practical Telegraphy, 8vo ISi. 

Jfiller'8 Elements of Chemistry, S vols. 8vo. 

Part I.-— Chemical Physics, Sixth Edition, in the press. 

Part n.— Inorganic Chemistry, Fifth Edition, 21*. 

Part m.— Organic Chemistry, Sixth Edition in the preos. 

— Introduction to Inorganic Chemistry, small 8vo S«. 8d. 

Odling's Course of Practical Chemistry, for Medical Students, crown 8vo... <(«. 

Preece and Sivewright's Telegraphy, crown 8vo ~ 8».6<f. 

Tate's Outlines of Experimental Chemistry, 18mo M. 

Thorpe's Quantitative Chemical Analysis, small 8vo 4t. 6d. 

Thorpe and Muir's Qualitative Chemical Analysis, small 8vo Sf. 6d. 

Tilden's Theoretical and Systematic Chemistry, small 8vo 8«. ecf. 

Natural Philosophy and NattireU Science, 

Blozam's Metals, their Properties and Treatment, small 8vo. ^ 8t.6d. 

Day's Numerical Examples in Heat, crown 8vo ~ ^ It. W. 

— Electrical & Magnetic Measurement, lOmo 2*. M. 

Downing's Practical Hydraulics, Part 1. 8vo ^ 5«. M. 

Ganot's Physics, translated by Ftof. E. Atkinson, crown 8vo ^ 15«. 

— Natural Philosophy, translated by the same, crown 8vo ^ „ 7t. 6d. 

Helmholtz' Popular Lectures on Scientific Subjects, 8vo. ,.^.^.^.^.^^12$. td. 

Irving's Short Manual of Heat, small 8vo ^ 2*.6d. 

Jenkin's Electricity & Magnetism, small 8vo 8«.6d. 

Maroet's Conversations on Natural Philosophy, fcp. 8vo 7t. M. 

Maxwell's Theory of Heat, small 8vo Sf.6d. 

Minchin's Treatise on Statics, crown 8vo ...lOt. 6d. 

Tate's Light &; Heat, for the use of Beginners, 18mo 9d. 

— Hydrostatics, Hydraulics & Pneumatics, 18mo 9d. 

— Electricity, explained for the use of Beginners, 18mo 9d. 

— Magnetism, Voltaic Electricity & Electro-Dynamics, 18mo W. 

Tyndall's Lesson in Electricity, with 58 Woodcuts, crown 8vo ........ it, 6d. 

— Notes of Lectures on Electricity, 1». sewed, 1». 6d. cloth. 

— Notes of Lectures on Light, 1*. sewed. 1». 6d. doth. 

Weinhold's Introduction to Experimental Physics, 8vo ^ 81». M. 

Text-Books of SeiencCj Mechanical and Physical, adapted for 
the use of Artisans, and of Students in Public and 
Science Schools. 

Anderson's strength of Materials, small 8vo St.M. 

Armstrong's Organic Chemistry 8f.6d. 

Barry's Railway Appliances Zt.M. 

^loxam's Metals 8». 6d. 

Goodeve's Elements of Mechanism Zt, M. 

— Principles of Mechanics 8«.6d. 

Gore's Art of Electro-Metallurgy 6t. 

GrifHn's Algebra and Trigonometry St.M. 

Jenkin's Electricity and Magnetism 8». W. 
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Mazwell'B Theoiy <rf Heat ~ 8t.6<l. 

Merrifield's Teohnical Ariihmetdc and Mensuration Sf.6<l. 

Mlller'B Inorganic Chemistry 8#.6d. 

Preece ft Sivewright's Telegraphy - 8». 6d. 

BheUey'B Workshop Appliances ...» - 8«.6<l. 

Thome's Stmotnral and Physiological Botany ^» Ht, 

Thorpe's Quantitative Chemical AniJysis 4g.6<l. 

Thorpe ft Mnir's QnalitatiTe Analysis St.Bd. 

Tilden's Chemical Philosophy ^ 8#.M. 

Unwin's Elements of Machine Design » S». 6d. 

Watson's Plane and Solid Geometry S$.9d, 

*** Other Text-Books in actiye preparation. 

Mechanics and Mechcmimi, 

Barry's Bailway Appliances, small 8vo. Woodcuts.^ 8*. 6d. 

Goodeve's Elements of Mechanism, small 8yo 8«. 6d, 

~~ Principles of Mechanics, small 8vo« 8t, 6<i. 

Hanghton's Animal Mechanics, 8vo 21«. 

Magnus's Lessons in Elementary Mechanics, small 8vo » 8«. 6d. 

Shelley's Workshop Appliances, small 8vo. Woodcuts 8$, M. 

Tate's Exercises on Mechanics and Natural Philosophy, 12mo U, Key 8t. 6d. 

— Mechanics and the Steam-Engine, for Beginners, 18mo 9d. 

— Elements of Mechanism, with many Diagrams, 12mo 8«. 6d. 

Twisden's Introduction to Practical Mechanics, crown Svo 10«. 6d, 

— First Lessons in Theoretical Mechanics, crown 8yo. » St. 6d. 

Willis's Principles of Mechanism, 8vo 18f. 

Engineering J Architecturcj &c. 

Anderson on the Strength of Materials and Structures, small 8vo Z$, 6d. 

Bourne's Treatise on the Steam-Engine, 4to 42$, 

— Catechism of the Steam-EnginCf fcp. 8vo Hi, 

— Becent Improvements in the Steam-Engine, fcp. 8vo 9$, 

— Handbook of the Steam-Engine, fop. 8vo 9t, 

Downing's Elements of Practical Construction, Part 1. 8vo. Plates lit, 

Fairbaim's Useful Information for Engineers. S vols, crown 8vo 81c. 6d. 

GwUt's Encyclopaedia of Architecture, 8vo ..52«. 6d. 

Main and Brown's Marine Steam-Engine, 8vo 12«. dd. 

— — Indicator ft Dynamometer, 8vo 4g.6d. 

— — Questions on the Steam-Engine, 8vo 5«.6d. 

Mitchell's Stepplng-Stone to Architecture, 18mo. Woodcuts It. 

— Budimentary Manual of Architecture, crown 8vo lOt. M. 

Moseley's Mechanical Principles of Engineering and Architecture, 8vo....24t. 

Popular Adronomg and Navigation, 

Brinkl^s Astronomy, by Stubbs ft Brunnow, crown 8ro fit. 

Evers's Navigation ft Great Circle Sailing, 18mo It. 

Herschel's Outlines of Astronomy, Twelfth Edition, square crown 8vo 12t. 

Jeans's Handbook for the Stars, royal Svo 4t.6<f. 

— Navigation and Nautical Astronomy, Part I. PraeUealt 12mo St. 

— — — Part n.TA«or«t<caZ, royal Svo. 7t.6d. 

Laughton's Nautical Surveying, small Svo fit. 

Merrifield's Magnetism ft Deviationof the Compass, ISmo It. fid. 

Proctor's Lessons in Elementary Astronomy, fcp. Svo It. fid. 

— Library Star Atlas, foUo 26t, 

— New Star Atlas for Schools, crown Svo ~ 5t, 

— Handbook for the Stars, square fcp. Svo St. 

The Stepping-stone to Astronomy, iSmo It. 

Tate's Astronomy and the use of the Globes, for Beginners, ISmo 9d. 

Webb's Celestial Objects for Common Telescopes, Ifimo 7«. fid. 
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Animal Physiology and Preservation of Health, 

Bxaiy's Edncation of the Feelings, crown 8yo St. 6d. 

— Physiology and the Laws of Health, 11th Thousand, fcp. 870. ^ U. 6d. 

— Diagrams for Glass Teaching per pair Hi.dd, 

Bnekton'B Health in the Honse, small 8vo ^ St. 

Hartley's Air and its Relations to Life, small 8vo. <(«• 

House I Live In ; Stmctnre and Functions of the Human Body. Iflmo. ...... 8«. 6dL 

Mapother's Animal Physiology, 18mo U. 

Marshall's Outlines of Physiology, Human and Oompaiatiye, 2 vols. cr. 8vo. SSs. 

General Knowledge. 

The Stepplng-Stone to Knowledge, 18mo l*. 

Second Series of the Stepping-Stone to Gteneral Knowledge, ISmo !«• 

Sterne's Questions on Gteneralitdes, Two Series, each U, Keys eiMsh if. 

Chronology and Historiccd Genealogy, 

Gates and Woodward's Ghronological and Historical Enoydopndia, Sro. ...4Sf • 

Grook's Byents of England in B^rme, square 18mo 1«, 

Slater's SententUa Ckronoloffiea, tiie Original Work,12mo ig, 9d, 

— — — improved by Miss SeweU. 12mo S«. Bd. 

Mythology and Antiquities, 

Becker's QalluSt Soman Scenes of the Time of Augustus, post 8vo 7«. ed, 

— Ohariclest illustrating the Private Life of the ArimftTitf Qreeks ... 7«. dd, 
OCX's Manual of Mythology, in Question and Answer, fcp.Svo St. 

— Mythology of the Aryan Nations, 8 vols. 8vo ^.—..JSt. 

— Tales of Ancient Greece, crown 8vo (l«. 

Ewald's Antiquities of Israel, translated by Solly, 8vo iSt. 6d. 

Goldziher's Mythology among the Hebrews, translated by Martineau, 8vo. 16t. 

Hort's New Pantheon, 18mo. with 17 Plates 2c. 6d, 

Bioh's Illustrated Dictionary of Soman and Oreek Antiquities, post 8vo.... 7t. ed. 

Biography, 

Gates's Dictionary of General Biography, 8vo J5», 

Macaulay's Clive, annotated by H. 0. Bowen, M.A. fcp. 8vo 2#. aa, 

Maunder's Biographical Treasury, re-written by W. L. B. Gates, fcp. 8vo. 6$, 

Pattison's Isaac Oasaubon, 1559-1614, 8vo iSc 

The Stepping-stone to Biography, 18mo U. 

Epochs of Modem History, 

Ghurch's Beginning of the Middle Ages, fcp. 8vo. Maps 2t. Qd, 

Gordery's French Bevolution to the Battle of Waterloo Hearlp fodp, 

Gox's Grusades, fcp. 8vo. Maps » M..........M.W.M. 2t.6d. 

Greighton's Age of Elizabeth, fcp. 8vo. Maps 2t.6<l 

Gairdner's Houaesof Lancaster & York, fcp. 8vo. Maps St. fid 

Gardiner's Thirty Years' War, 1618-1648, fcp.8vo. Maps ...„ ...^ Sc, ed, 

— First Two Stuarts and the Puritan Bevolution, fcp. 8vo. Maps 2t. 6d. 

Hale's Fall of the Stuarts, fcp. 8vo. Maps ^ 2t. 6<l! 

Johnson's Normans in Europe, fcp. 8vo. Maps...^.....................................^ 2c. 6d. 

— Lawrence's Early Hanoverians Jn theprett, 

— Longman's Frederick the Great and the 7 Years' War ...... Jit the pre$$, 

Ludlow'sWarof American Independence, fcp.Svo. Maps 2t.6d. 

Morris's Age of Anne, fcp. 8vo. Maps 2t. 6d. 

Seebohm's Protestant Bevolution, fcp. 8vo. Maps......^.............................^ 2c. ed. 

Stubbs's Early Plantagents, fcp. 8vo. Maps 2t.6d. 

— Empire under the House of Hohenstaufer In preparation, 

Warburton's Edward the Third, fcp. 8vo. Maps „,...^^»,^,„.^.„.,^ i9,9d, 
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Epochs of English E^istaty, 

Browning's Modem England, from 1820 to 1876 Inthefirett, 

Oordery's Straggle against Absolute Monarchy, 1608-1688, fop. Maps 9d. 

Oreigliton's England a Continental Power, 1066-1216, fcp. Maps 9d. 

— Tadors and the Beformation, 1485-1603, fcp. 8vo. Maps 9d. 

Powell's Early England up to the Norman Gongnest, fcp. 8vo. Maps 1«. 

Bowley's Bise of the People and Growth of Parliament, 1215-1485, fcp. Maps. 9d, 

— Settlement of the Constitution, 1688-1778, fcp. Maps 9d. 

Tancock's England during the Bevolutionary Wars, 1778-1820 In the pre$», 

British History, 

Armitage's Childhood of the English Nation, fcp. 8vo ...» 2». 6d. 

Bartle's Synopsis of English History, fcp. 8vo „. 8$, fid, 

Cantlay's English History Analysed, fcp.8vo ». 2f. 

Catechism of English History, edited by Miss Sewell, 18mo Is. 6d. 

Gleig's School History of England, abridged, 12mo te. 

— First Book of History— England, 18mo. 2«. or 2 Parts each 9d, 

— British Colonies, or Second Book of History. 18mo It. 

— British India, or Third Book of History, 18mo 9d. 

— Historical Questions on the above Three Histories, 18mo 9d. 

Littlewood's Essentials of English History, fcp. 8yo i$, 

Lupton's Examination-Papers in History, crown 8vo 1$, 

— English History, revised, crown 8vo 7», 6d. 

Morris's Class-Book History of England, fcp. 8vo Sf. M, 

Outlines of the History of England, 18mo 1», 

The Stepping-stone to English History, 18mo 1». 

The Stepping-stone to Irish History, 18mo ..„ 1», 

Tamer's Analysis of English and French History, fop. 8vo is, Sd. 

Epochs of Ancient History, 

Beesly's Oracchi, Marius and Sulla, fcp. 8vo. Maps 2t. dd, 

Gapes'sAgeof the Antonines, fcp. 8vo. Maps 2«.6(i. 

— Early Roman Empire, fcp. 8vo. Maps 2*. 6d. 

Cox's Athenian Empire, fcp. 8vo. Maps 2«. 6d, 

— Greeks ft Persians, fcp. 8vo. Maps >. ...«...,.►,.... 2a:°6<l. 

Curteis's Bise of the Macedonian Empire, fcp. 8vo. Maps 2».6d. 

Ihne's Borne to its Capture by the Gauls, fcp. 8vo.Maps 2«. M, 

Merivale's Boman Triumvirates, fcp. 8vo. Maps 2«. 6d. 

Sankey's Spartan and Theban Supremacies, fcp. 8vo. Maps 2«. 6d. 

Smith's Bomeand Carthage, the Punic Wars In thepren. 



History y Ancient and Modem, 



Browne's History of Greece, for Beginners, 18mo 9d. 

— History of Bome, for Beginners, 18mo 9d. 

Cox's History of Greece, Vols. I. ft II. 8vo 86t. 

— General History of Greece, crown 8vo. Maps — 7«.6d. 

— School History of Greece, fcp. 8vo. Maps S«.6il. 

Gleig's History of France, 18mo 1». 

Ihne's Boman History, Vols. I. to III. 8vo 45t. 

Mangnall's Historical and Miscellaneous Questions, 12mo 4g. Sd. 

Maunder's Historical Treasury, with Index, fcp. 8vo te. 

Merivale's History of the Bomans under the Empire, 8 vols, post 8vo 48c. 

— Fall of the Boman Bepublic, 12mo 78. M, 

— GtoneralHistoryof Bome, crown 8vo. Maps 78. 6<i. 

Puller's School History of Bome, abridged from Merivale, fop. Maps. In tkepmt. 
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Bawlinson'a Sixth Oriental Monarchy (the Parthians), 8vo. Mape fto 16*. 

— Seventh Oriental Monarchy (the Sassanians) 8vo. Maps fto. ...28«. 
Sewell's Ancient History of Egypt, Assyria, and Babylonia, fcp. 8yo te. 

— Catechism of Grecian History, 18mo „ Im. M 

— Child's First History of Rome, fcp. 8vo 2». W. 

— First History of Greece, fcp. 8vo „ 8«. 6d. 

— Popular History of France, crown Svo.Mapg „ 7«. 6d. 

The Stepping-Stone to Grecian History, 18mo U. 

The Stepping-Stone to Roman History, 18mo Im, 

Tiller's Student's Manual of Ancient History, crown 8vo 7«. 6d. 

— Student's Manual of Modem History, crown 8vo 7«. 6d. 

— Student's Manual of the History of India, crown 8vo 7«. 6d. 

Turner's Analysis of the Histoiy of Greece, fcp.Svo S«. 6d. 

— Analysis of Roman History, fcp. 8vo %», 6d. 

Scripture History y Moral and Religious Works* 

Ayre's Treasury of Bible Knowledge, fcp. 8vo te. 

Boultbee's Commentary on the Thirty-Nine Articles, crown 8to 6f. 

Browne's Exposition of the Thirty-Nine Articles, 8to Idt. 

Examination Questions on the above, fcp. 8vo 8«.6d. 

Conybeare and Howson's Life and Epistles of St. Paul, 1 vol. crown 8vo. ... 9«. 

Girdlestone's Synonyms of the Old Testament, 8vo 15f. 

Gleig's Sacred History, or Fourth Book of History, 18mo. U. or 2 Parts, each M. 
Kalisch's Commentary on the Old Testament: with a New Translation. 

Vol. I. Genesis, 8vo. Via. or adapted for the General Reader, 12f . VoL II. 

Exodus, 15«. or adapted for the General Reader, 12«. VoL in. 

Leviticus, Part I. lb%. or adapted for the General Reader, 8«. Vol. lY. 

Leviticus, Part II. 15«. or adapted for the General Reader, 8«. 

Korris's Catechist's Manual, 18mo 1«.8<I. 

Potts's Paley's Evidences and Horee Paulinse, 8vo lOt. 6d. 

Pulliblank's Teacher's Handbook of the Bible, crown 8vo. 3t. 6(1. 
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